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Three-fluid Ohm's law 
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Abstract. We develop a three-fluid theory, including electrons, ions, and neutral particles 
and their collisions, to describe the interaction between the magnetosphere, ionosphere, 
and thermosphere. We derive Ohm's law including the collisions between ions, electrons, 
and neutrals. In particular, our analysis includes the effects of electron-ion collisions. 
The electron and ion equations are solved in a completely coupled manner. The complete 
form of three-fluid Ohm's law in the plasma frame is obtained for a steady-state, uniform, 
three-fluid flow. This form of Ohm's law can be simplified to obtain the ideal MHD frozen- 
in condition when all collisions are neglected and the generalized Ohm's law when the 
collisions with neutrals are neglected. In our form the neutral velocity in the conventional 
collisional Ohm's law is replaced by the plasma velocity. More physical insights can be 
obtained from this form of Ohm's law in the context of magnetosphere-ionosphere coupling. 
This form describes the magnetosphere-ionosphere coupling without involvement of the 

ß 

neutral wind. The ionospheric velocity continuously deviates from the electric drift velocity 
from high altitudes to low altitudes. In addition, the plasma momentum equation for steady- 
state uniform three-fluid flow is derived. It describes ionosphere-thermosphere coupling. 
The Ohm's law in the neutral wind frame, or the conventional form of Ohm's law, can be 
derived by combining the Ohm's law in the plasma frame with the momentum equation. 
The conductivities become the same as the conventional ones under a few approximations. 
Combination of the two forms of Ohm's law provides the relationship between the electric 
field and the ionospheric velocity. When the neutral wind stays still, this relationship can 
be used to describe magnetosphere-ionosphere coupling. 

1. Introduction 

The coupling between the magnetosphere, ionosphere, 
and thermosphere occurs in three distinct plasma regimes 
ranging from highly ionized collisionless plasmas to weakly 
ionized collisional particles. Each of these regimes can be 
described by its own set of motion equations. The coupling 
between regions is determined by forces associated with the 
electromagnetic field, the electric currents, and interparticle 
collisions, which appear commonly among these equation 
sets. 

In high-altitudes in the magnetosphere, say, >400 km, 
charged particles can be treated as collisionless. Collision- 
less magnetohydrodynamics (MHD) or ideal MHD is often 
used to describe the processes in this region. In this region 
the magnetic field can be described as being "frozen-in" to 
the plasma. When the plasma moves at speed ¾ with respect 
to an observer, an electric field E = -V x B is observed, 
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where B is the magnetic field. The frozen-in condition is a 
form of Ohm's law when the conductivity goes to infinity. 
Under this condition the electric field and electric current 

are decoupled. The current is derived from Ampere's law. 
Since collisions essentially do not exist, the coupling with 
the ionosphere is performed via the electromagnetic field 
and currents. In this approach, electrons and ions are treated 
as a single fluid. 

In the upper ionosphere, the F-region, for example, < 400 
km, particles remain ionized. However, because the density 
of the plasma is higher, collisions between electrons and ions 
may not be negligible; see Figure 1, for example. The elec- 
trons and ions are strongly coupled but have to be treated 
separately. Under this condition the ions and electrons can 
be described in a mutual frame of reference of the plasma 
and the interaction between the two can be described by 
the so-called generalized Ohm's law [e.g., Gombosi, 1998]. 
This theory is based on a two-fluid treatment. The most im- 
portant terms in the generalized Ohm's law relevant to our 

t +a•, (E•_ +UxB)+a• , study arej = allEll t b x (E+Ux B) 
where U is the velocity of the plasma (with respect to the 

t and t observer) and a•, a•,, rr}• are the parallel, Pedersen, and 
Hall conductivities for the generalized Ohm's law, respec- 
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Figure 1, Collision frequencies and gyrofrequencies as 
functions of altitude at local noon at 75 ø latitud e . They 
are determined based on the observations/laboratory exper- 
Iments and the formula of Kelley [1989]. The anisotropy in 
the collision frequencies become unimportant above 80 km. 
More detailed discussion on the relationships among these 
quantities and anisotropies is given by Richmond [ 1995]. 

tively. It is important to point out that the conductivities 
in the generalized Ohm's law depend on electron-ion col- 
lision frequency %i, and do not depend on neutral collision. 
The parallel conductivity goes to infinity, while the Pedersen 
conductivity goes to zero in nearly collisionless regimes, in 
contrast to ideal MHD, in which all conductivities go to in- 
finity. In this region the electric field, plasma velocity, and 
current are related through the generalized Ohm's law, but 
they cannot be fully determined unless other relations are 
incorporated. The coupling with other regions is through 
the electromagnetic field and currents that are normal to the 
boundaries between regions. 

In the E-region ionosphere, typically considered to be be- 
low • 150 km, the collisions between neutrals and charged 
particles become important and may even be dominant. The 
charged particles are coupled with the upper ionosphere via 
electromagnetic field and currents, and the neutral particles 
in the thermosphere are coupled with the charged particles 
through collisions. This region can be described as a three- 
fluid system. The coupling is expressed by a conventional 
collisional Ohm's law j // // = all Ell + ap(E• + Un X B) + 
" (E + Un x , cab x B) [e.g., Kelley, 1989; Richmond, 1995' 

Luhmann, 1995, and references herein], where Un is the ve- 
t/ //and // 1ocity of the neutral wind, and a,, cv rr• are the par- 

allel, Pedersen, and Hall conductivities for the conventional 
Ohm's law, respectively. We note here that many of the com- 
monly used expressions for the conductivities are derived 
when the electron-ion collisions are ignored [e.g., Luhmann, 
1995]. The conductivities are typically expressed in terms 
of the ion-neutral collision and electron-neutral collision fre- 
quencies, in contrast to those in the generalized Ohm's law. 
Kelley [1989, p. 38] commented that his inclusion of the 
electron-ion collisions in some expressions of conductivities 
are not self-consistent. Richmond [1995] self-consistently 
included electron-ion collisions in the parallel conductivity. 
The most important difference from the generalized Ohm's 
law is the replacement of the plasma velocity with the veloc- 
ity of neutral particle s . This difference can be understood, 

as each form is written in a different frame of reference. An 

immediate consequence of this difference is that the iono- 
spheric plasma velocity is not explicitly specified. Neverthe- 
less, in order to study magnetosphere-ionosphere coupling, 
the difference between the magnetospheric convection and 
ionospheric velocity, instead of the difference between the 
magnetospheric convection and the neutral velocity, is one 
of the most important pieces of information, and it is not 
explicitly specified in the conventional Ohm's law. 

In section 2, we present a three-fluid treatment to derive 
a general expression of Ohm's law that includes electron- 
ion, electron-neutral, and ion-neutral collisions. This form 
of Ohm's law is cast in the plasma frame, different from the 
conventional form used in the magnetosphere-ionosphere- 
thermosphere coupling as discussed above. It is the same 
as the generalized Ohm's law, although the conductivities 
are evaluated differently because of the inclusion of neutral- 
plasma collisions. This form can easily retrieve the gen- 
eralized Ohm's law when neutral collision frequencies go 
to zero and the frozen-in condition when all collision fre- 

quencies are zero. In addition, the momentum equation for 
steady-state, uniform three-fluid flow is also derived. In sec- 
tion 3 the simplification of the conductivities in each region 
of the Earth's environment is discussed. The complete form 
of the conductivities for the Ohm's law in the neutral wind 

frame appears too complicated for any practical use. Ap- 
proximations have to be made to derive the conventional 
conductivities. The approximations and mathematical de- 
tails to derive the conventional conductivities are presented 
in section 4. Some of the physical consequences of Ohm's 
law and the momentum equation in terms of magnetosphere- 
ionosphere-thermosphere coupling are briefly discussed in 
section 5. More complete discussion will be presented in a 
later work. 

2. Three-Fluid Treatment: Momentum 

Equation and Ohm's Law in Plasma Frame 

^ full treatment of three-species, i.e., electrons, ions, and 
neutrals, can be started from the kinetic equations for each 
species. One then integrates these equations over the phase 
space, defines macroscopic quantities, and derives various 
moment equations for each species [e.g., Gombosi, 1994]. 
These moment equations and macroscopic quantities de- 
scribe each Sl•..cies as a fluid without invoking the motion of 
each individual particle. These equations can include the in- 
teraction or collisions among different species. In this study 
we focus on the behavior of the momentum equation for 
each of the three species. These equations are, in the Earth's 
frame, for ions, 

Nerrti oui Dt = -VPi + eNe(E + ui x B) + Fi 
-Nemi•in(Ui- Un) -- Nemi•e(ui- ue), (1) 

for electrons, 

Due 
Nom•'Dt V?e - eNe(E + tie x B) + Fe 

-Nemey, n(Ue - Un) - -N'emeYei(ue - Ui), (2) 
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and for neutrals, 

Dun 
Nnmn D---•- = -•7Pn q- Fn - Nnmnt/ni(Un - ui) 

-Snmnl/ne(Un - Ue), (3) 

where e, Ne, P/•, E, u/•, B, m/•, Nn, and t•/•.• are electric 
charge of a particle, number density of each charged species, 
pressure tensor of particle type/3, electric field, velocity of 
particle type/3, magnetic field, mass of particle/3, number 
density of the neutrals, and collision frequency between par- 
ticle types/3 and 7, respectively. Subscripts i, e, and n de- 
note ions, electrons, and neutrals, respectively. Vector F Z 
denotes other forces, such as gravity, centrifugal force, and 
Coriolis force, exerting on species/3. We have assumed that 
the ions are singly charged and that charge neutrality holds 
in the plasma. We have neglected possible wave-particle col- 
lisions. To completely solve the motion of each species or 
processes in each region in space, other moment equations 
and Maxwell equations are required to close the equation 
sets. Ohm's law and the momentum equation to be shown 
later can be used to replace the electron and ion momentum 
equations. The focus of our study is to examine the motion 
of charged particles and their effects on the neutrals, and 
therefore we will only briefly discuss (3) in section 5. The 
effects of neutrals on charged particles are included in the 
neutral collision terms in (1) and (2). As explained in the 
Introduction, the coupling between regions is accomplished 
via the electromagnetic field, electric currents and collisions 
between species. Therefore, in the main body of the dis- 
cussion, when discussing couplings, we neglect the effects 
from total time derivatives, pressure gradient forces, and ad- 
ditional forces. The effects of these terms will be discussed 

in a separate work. In this paper the sum of these terms will 
be referred to as "other forcings". 

The three-fluid force balance equations for ions and elec- 
trons in the main body of our discussion are 

eN,•(E + Ui X B) -- NemitZin(Ui- Un) 
q-Nemit/ie(Ui- ue), (4) 

-eNe(E + x B) = Nemet/en(Ue - Un) 
-Nemet%i(ui- Ue). (5) 

It is important to point out that the two equations are coupled 
by the electron-ion collision terms. Without these terms, (4) 
does not contain the electron velocity and (5) contains no 
ion velocity. In this case the two equations can be solved 
separately. The inclusion of the electron-ion collision terms 
couples the two equations, leading to mathematical complic- 
ity in finding the solutions. As can be seen in Figure 1, the 
electron-ion collision frequency is greater than the electron- 
neutral collision frequency above 190 kin. The electron-ion 
collision term in (2) cannot be readily neglected. In this 
study we include the electron-ion collisions throughout the 
mathematical procedure. 

We define the electric current density as 

j = eNe (Ui -- tie), (6) 

and the velocity of the plasma flow as 

miui q- rr•eUe 
u = . (7) 

mi q- me 

Here we emphasize that the plasma velocity is defined in an 
inertial frame of reference, such as the Earth's frame. Notic- 

ing mi >> me, the plasma flow velocity becomes 

me 
U = Ui q---Ue. (8) 

mi 

If the velocities for ions and electrons are of the same order, 

the plasma flow is in the ion flow direction. However, it is 
not necessarily true that the electric current is in the same 
direction as the ion flow direction. The corresponding ion 
and electron velocities are 

me 1 
ui = U + j (9) 

mi ½Ne • 

1 

ue - u e•-•j, (10) 
where a term of me/mi in the electric current in (10) has 
been neglected. Substituting (9) and (10) into (4) and (5), 
while noting miNet/ie = roeNet%i, yields 

eNe(E + U x B)+ m•j x B 
mi 

me 
= Nemi/Jin(r -- Un) q- -- (/]in q- /]ei)j, (11) 

-eNe(E + U x B) +j x B 

---- Neme//en(U- Un)- m•e (//en q-//ei)j. (12) 

Here we should point out that the j x B (j-cross-B) force is 
more important in affecting electron flow than in affecting 
ion flow, as seen by the factor of me/mi in the j x B force 
term in (11). Mathematically, ui and ue in (4) and (5) are 
now replaced by U and j in (11) and (12). Physically, the 
electron and ion flows are now described in a single frame 
of reference of the plasma flow and their relative motion is 
described by the current. However, the physical meaning of 
each of (11) and (12) becomes less clear. 

In principle, one equation can be added to or subtracted 
from the other. The summation reveals the effects that are 

dependent on the type of the electric charges, while the sub- 
traction enhances the effects that are independent on the type 
of charges. We first add the two equations and obtain 

j x B = Ne(mi//in q- me//en)(U- Un) 
me 

q- (//in -- t%n)j. (13) 

The equation is the momentum equation for the plasma. An 
important point is that electron-ion Coulomb collisions do 
not affect the plasma flow. In the direction perpendicular to 
the current, when other forcings are not considered, the j x B 
force is needed to overcome the collisions of the plasma with 
neutrals. The last term is a frictional force along the electric 
current due to the difference in neutral-charged particle col- 
lisions. It is of the order of the frequency of neutral-charged 
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particle collisions divided by the electron gyrofrequency and 
is generally small above 80 km. 

When subtracting (11) from (12), there is a possibility of 
eliminating one of the variables. One has the choice to elim- 
inate either the plasma velocity U or the neutral velocity Un. 
Each leads to a form of Ohm's law. However, the physi- 
cal insights that can be gained from the examination of each 
are different. The two forms are linked by the momentum 
equation (13). Conventional theories for magnetosphere- 
ionosphere-thermosphere coupling have chosen to eliminate 
U, while we proceed with the elimination of the Un terms in 
(11 ) and (12), and obtain 

eNe(meUen + miUin) (E + U x B) 

d- --roeYen -- miYin j x B (14) 
mi 

__ me [meYenYei q- mayin (Yen q- Yei)]j, 

Equation (14) can be also written as 

O' o 

j + •asj x B = Croa. (E + U x B), (15) 
where 

e•N• 
O' o • • 

me•ei 

Yea (mayin q- roeYen) 
av = (16) 

me/dent%i + miYin (Yen + Yei)' 

( Yei miYin- m• 

roe Yen Yei + mi Yin (Yen + Yei)' 

When Y•i, Yin, Yen • 0, (15) c• be solved for the current 
density to obtain Ohm's law: 

j = a,E,b + av (Ell + U x B) 
+asb x (E + U x B) 

= a,E, b + aver_ + avb x E*, (17) 

where b = B/B is the unit vector along the magnetic field, 
and, and •. are the parallel and perpendicular components, 
respectively, with respect to the magnetic field. The field- 
aligned, Pedersen, and Hall conductivities are given by 

O'll • •p O' o • 

O'p •' O'll/,te2 i q_ 2 2' (•H•e 

O- H -• 
•H•ei•e 

•,v;•i+ 2 2, (•H•e 

(18) 

where •e = eB/me is the electron gyrofrequency. The 
elecU'ic field E* = (E + U x B) is the electric field in 
the frame of reference moving with the ionospheric plasma. 
We should point out that the Pedersen and Hall conductivi- 
ties referred to here are physically quite different from those 
used in the conventional collisional Ohm's law, which are 
double-primed in this paper and will be further discussed in 
section 4. The nomenclature we use here is standard when 

discussing the generalized Ohm's law [e.g., Gornbosi, 1998]. 

3. Ohm's Law in Plasma Frame in the 

Earth's Environment 

It should be pointed out that up to this point, no assump- 
tions were made about the relative values among collision 
and gyro frequencies. The components of the conductivity 
tensor given by (18) are valid for a wide range of plasma 
conditions. In the following we discuss several more impor- 
tant parameter regimes. In the Earth's environment, these 
regimes can be described in terms of regions in space. How- 
ever, we emphasize that for other planets, their satellites, 
comets, or other astronomical systems, the plasma condi- 
tions may be quite different from those discussed below, but 
similar analyses can be carried out. In our discussion, we re- 
fer to the last two terms in (17) as Pedersen and Hall effects, 
respectively. They are different from those as discussed in 
conventional theories because our Pedersen and Hall effects 

are described in the plasma frame. In high altitudes their 
functions, in fact, are interchanged with the conventional 
ones. Figure 1 shows the profiles of some collision frequen- 
cies as functions of height in the Earth's environment. In 
the following discussion they are used qualitatively to guide 
discussion. Each of the parameter regimes discussed is inde- 
pendent of these observations. In the Earth's environment, as 
shown in Figure 1, ?Ttit/in • me/•en. In fact, this condition is 
most likely to be true in a wide range of environments. This 
leads to av = o• H •-/Yei/(//en q_ //ei). The conductivities can 
be simplified as 

eNe•e 

eme(vei q_ Ven)•e 
(x8') = s[a + + 

eNene 2 
= [ne + + ' 

The most important regions in the magnetosphere-ionosphere- 
thermosphere coupling are the following: 

1. In high-altitudes in the magnetosphere, where all col- 
lisions can be neglected, i.e., uei, Uin, Uen • 0, we have 
%1 • oo and c•v = C•a_<l. From (15), along the cur- 
rent direction, in order to keep the current finite, we have 
E - -U x B. Namely, with only the electric field drift, 
no current can be generated in a uniform plasma because the 
electrons and ions drift together. Therefore we have the col- 
lisionless MHD limit, or ideal MHD. Here we should point 
out that this result cannot be derived from (17), which is 
obtained assuming Uei , Uin,/,ten • 0. In ideal MHD the cur- 
rent can be generated by other forcings and nonuniformity. 
We should notice that there is a Hall effect in the direction 

perpendicular to the current. Namely, in the direction per- 
pendicular to the current, the frozen-in condition does not 
perfectly hold unless the current is weak. 

2. Above a few hundred kilometers in altitude (see Figure 
1, for example), electron-neutral and ion-neutral collisions 
can be neglected. The electron-ion collisions become signif- 
icant (/,ten ,//in << Vei), and the plasma is gyration dominated 
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(fli, fie >>/yei). Furthermore, mi/yin •> me/yen. In this limit 
we obtain c•p = c•H = I and 

eN•f• 
Crll = Cr o = . , , 

eN•/yei 
o'p = B' fl--•' (19) 

aH = ' B ß 

This is the limit for ion-electron two-fluid (collisional) gen- 
eralized Ohm's law when the effects of the pressure and in- 
ertial forces are not included. Collisions are due to Coulomb 
collisions between ions and electrons. We remark here that 

the conductivity along the magnetic field remains very high. 
The Hall conductivity is independent of the collision fre- 
quency and is proportional to the electron density. The Ped- 
ersen conductivity is proportional to the collision frequency. 
The Hall conductivity is much more important than the Ped- 
ersen conductivity in this region. Here we recall that our Hall 
and Pedersen conductivities are defined differently from the 
conventional ones. We will discuss this issue in sections 4 
and 5. 

3. At midaltitudes (,,• 100 to 190 km), plasma colli- 
sions with neutral particles become important. The electron- 
neutral collision frequency/yen becomes much larger than 
the electron-ion collision frequency/yei and the ion-neutral 
collision frequency/yin, (/yen)) /yin,/yei). The ions become 
collision dominant, but the electrons remain gyration domi- 
nant, i.e., fie )) /yei,/yen,/yin. We have ap = aa "•/yei//yen 
and 

0'11 = C•pO'o = B/yen • 
eN,/Yen 

o'•, = B fI,' (20) 

O'H --- B ' 

This is the most important transition region. The Hall con- 
ductivity remains more important than the Pedersen con- 
ductivity. Here we recall again that our Hall and Pedersen 
conductivities are defined differently from the conventional 
ones. 

4. At low altitudes, below g0 kin, neutral-charged particle 
collisions become dominant. In this region,/yen •> /yei, f2e. 
Again, in •is region, mi/yin >> T/Ze/,/en and (•p = (•H = 
/yei//yen- The conductivities in this region become 

eN•fle 
0'il ? O'p = B/yen • 

eN• •2e • (21) 

.An important difference from the above regions is that the 
Pedersen conductivity becomes important or even dominant 
in this region. As the plasma density decreases with altitude 
in this region, the effects of electric field and current are di- 
minishing with decreasing altitude. 

It is interesting to note that at low altitudes the parallel 
conductivities are controlled by the electron-neutral colli- 
sions, 1//yen. At high-altitudes they are controlled by electron- 
ion collisions, 1//yea. The Hall conductivity is controlled by 
the density profile in a large range of altitude above 100 kan 
and then decreases toward lowest altitudes. As the relative 

importance of the gyromotion of charged particles decreases, 
the importance of the Pedersen conductivity increases as the 
altitude decreases. However, the Pedersen conductivity is 
also proportional to the plasma density. At very low altitudes 
the electron density becomes very low, and hence the value 
of the Pedersen conductivity becomes very small, although 
its importance increases compared with the Hall effect. 

4. Ohm's Law in the Neutral Wind Frame: 

Comparison With Conventional Theory 
In the discussion before introducing our (14), we noted the 

possibility of eliminating U in (11) and (12). The plasma 
velocity can also be eliminated by combining momentum 
equation (13) and Ohm's law (15). The actual resultant 
conductivities are quite complicated and have little value 
for practical application. In a wide range of environments, 
rne/ye, is small when compared with mi/yi,. This yields 

j " " B) = a, E, + cry, (E•. + u. x 
" (E -•- U n , +o'.b x x 13) (22) 

where the parallel conductivity is 

eNefte 

cry'= B(t/en '+- (23) 

the Pedersen conductivity is 

,, end, fl, V•n(fl•fl, + v,•V•n + 
O'p • 

B (fli•"•e '{- /yen bin + /yei//in)2 + 2 2' 
(24) 

and the Hall conductivity is 

. eNe 2 2 
= 2'2' or. B (fli •'•e '•- Yen//in '+' Vei Vin) 2 .+_ Vi n fie (25) 

where fti = eB/mi is the ion gyrofrequency. 
We recall here that the Pedersen and Hall conductivities 

with a double-prime are defined in the frame of reference of 
neutrals. They are physically different from those defined in 
(17). In comparison, the conventional three-fluid Ohm's law 
used in hhe magnetosphere-ionosphere interaction [e.g., Luh- 
mann, 1995] is the same as (22). The parallel conductivity 
is 

,, e Ne (f i,+ f t/y.._7j_n ) (26) 
the Pedersen conductivity is 

W •n' + "• + -- • fl• , (27) 
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and the Hall conductivity is 

._eNe •'•e ( •-'•et/en / •"•i ( •"•it/in / ] 2 ' •H -- B Yen V•n + n• an •in * n• (28) 
Equations (26) m (28) will be refe•ed m as the conventional 
conductivities. Here we should emphasize that although (22) 
•d conventional t•ee-fluid Ohm's law •e •e same in form, 
ßere •e differences in the actual evaluations of the con- 

ductivities. Equations (23) to (25) were derived under •e 
assumption that roe Yen is small comp•ed with mir in. Al- 
though the electron-ion collision frequency is introduced to 
the conductivities by Kell• [ 1989], he noticed that his treat- 
ment is not self-consistent. Richmond [1995] included •e 
elec•on-ion collisions in the parallel conductivity. Our p•- 
allel conductivity (23) is the same as that of Kell• [1989] 
and Richmond [ 1995] •d as in (18'), indicating •at the par- 
allel conductivity in some fo•s of •e conventional theory 
is accurate in the E•h's environment. Comp•ng (24) and 
(25) wi• (27) •d (28), there •e some apparent differences. 
First, in our results, as expected, there •e terms involv- 
ing the elec•on-ion collisions. Second, •ere are additional 
te•s involving •e gyrofrequencies. Finally, an interesting 
feature when comp•ng (24) and (25) wi• (27) and (28) is 
that •e ion terms •d electron te•s •e completely sepa- 
rated in •e conventional conductivities but are coupled in 
our fo•. This c• be understood by •e assumption of de- 
coupling the elec•on and ion equations when deriving them 
in •e conventional theories. We do not make such an as- 

sumption, •d hence •e electron and ion motions are cou- 
pled. 

Given •i•in • •e•en, in •e Ea•h's environment, •e 
following approximations •e also true above 100 km, as 
shown in Figure 1: •i•e >> VenVin, •i• e • •ei•in, and 
•e • •en. Under these approximations, (24) and (25) are 
the Pedersen conductivity, 

II eNe •in•i 
•p • B n• + P•n' (29) 

•d •e Hall conductivity, 
2 

. eNe Vin 
•H • B • + P•n' (30) 

Wi• the s•e approximations, (27) and (28) become the 
same as (29) and (30). 

Assuming •iPin • roe Pen, the conventional p•allel con- 
ductivity, (26) becomes 

eN• 

a•'= •. (31) 
When replacing Pen wi• Pe = Pei + Pen in (30) [Kellq, 
1989], (31) becomes the s•e as (23). Therefore the con- 
ventional conductivities •e justified above 100 •. 

For the other p•eter regime, if Pen Pin )) •i•e, Pei Pin 
•d Pen )) •e, We have 

,, eNe•Ven 
•p • + Jn]' 
,, 

•H • + Jn]' (30') 

Equations (29') and (30') are the same as (18'), since Pen )) 
t/el. Therefore, if the approximations to derive (29 •) and 
(30') are justified below 100 km, the conventional conductiv- 
ities, in principle, are applicable in the Earth's environment 
under reasonable approximations. 

Plasma environments in other places in space may be quite 
different. According to Table 9.2.1 of Richmond [ 1995], col- 
lision frequencies are proportional to the particle densities 
involved and electron collision frequencies are proportional 
to the electron temperature. The density and temperature 
as functions of height depend on the gravity, the composi- 
tion, the energy sources of ionization, naming just a few, and 
other related processes. The gyrofrequencies, on the other 
hand, are proportional to the strength of the magnetic field. 
The approximations made in order to derive (29) and (30) 
may become poor in some other planets or their moons, near 
the Sun, in comets, and in other astronomical environments 
where the magnetic field is weaker, the density is higher, or 
electrons are hotter. In some of these environments, the ef- 

fects of mass-loading and finite Larmor radius effects may 
become important. 

The electron-ion collision frequency does not appear to 
play an important role in the conventional horizontal con- 
ductivities. This is because in the conventional form of 

Ohm's law, the plasma motion is not explicitly described. 
The effects of electron-ion collisions can be seen more clearly 
in the ion frame, or plasma frame, of reference. 

5. Discussion 

Let us first make the link between the mathematical terms 

and the physical processes. Our main mathematical results, 
i.e., equations (13), (17), and (18), hold for local and not 
global quantities. The link between the global quantities 
and the local quantities needs to bc established separately. 
We apply our equations to the ionosphere-thermosphere re- 
gions. Here we recall that the ionosphere (thermosphere) 
refers to the charged (neutral) particles of the same region. 
The ionosphere is represented by j, B, E, U, and Ne, as well 
as electron-ion collision frequency t/ei. The thermosphere is 
represented by u,. The coupling between the ionosphere 
and thermosphere is indicated by the neutral-plasma colli- 
sion frequencies t/e, and t/i,. The magnetosphere near the 
ionosphere can be considered as collision free. It is cou- 
pled with the ionosphere by B and E, which are shared 
by both the ionosphere and magnetosphere. The magneto- 
spheric electric field and the ionospheric electric field are 
directly related. Therefore (17) describes the coupling be- 
tween the ionosphere and magnetosphere. The effects of the 
thermosphere are partially included by neutral collisions, but 
the neutral wind flow effects are not included. Likewise, (13) 
provides the coupling relationship between the ionosphere 
and thermosphere. Here we note again that U is the plasma 
flow velocity in the ionosphere. It is not defined in the neu- 
tral wind frame. From (9) and (10) the plasma flow velocity 
is similar to the ion velocity. Notice that the electric cur- 
rent is independent of frame of reference in nonrelativistic 
flow. Electrons move antiparallel to the electric current in 
the plasma frame of reference. 
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Let Vdrift •' --1• X BIB 2 be the electric drift veloc- 
ity. The difference between the ionospheric velocity and the 
electric drift velocity is 

jxB aa 
U- Vdrift =-aoapB----- W + eN•apj. (32) 

The ratio of the last two terms in (32) is (//ei + //en)/•e, 
which is small above 80 km. 

It is important to estimate the magnitude of the difference 
between the two velocities. Since our current is defined in 

the Earth's frame, the current in (32) can be estimated from 
(22). The velocity difference is of the order of •'•i/•in/(•'• _+l 
V•n ) or V•n/(•-• -[- V•n), whichever is bigger, times Vdrift, if 
the neutral wind stays still. The first factor is dominant at 
higher altitudes. It is peaked near 120 km with a value of 1/2 
and equals the second factor at this height. The second factor 
continues to increase below 120 km and reaches a maximum 
value of 1. 

Figure 2 summarizes the directions of involved vectors 
in the northern polar ionosphere for steady state southward 
interplanetary magnetic field (IMF) when the effects of the 
neutral wind velocity are not considered. We assume that the 
magnetospheric convection is antisunward and that the mag- 
netospheric electric field E is duskward. The ionospheric 
electrons are frozen-in with the magnetospheric field, if the 
electron gyrofrequency is much larger than the electron col- 
lision frequencies, and hence ue is antisunward. The dif- 
ference between the ionospheric ion and electron velocities 
is in the current direction. From Ohm's law in the neu- 

tral wind frame, current j is in the E direction above 120 
km. Therefore the velocity difference is duskward above 

Noon 

X 

Dusk E • •' Dawn 

U, U i 

• 

Vdrift, Ue 

ExB 
U i- Ue 

U-Vdrift 
Midnight 

Figure 2. Illustration of the directions of the vectors in the 
northern polar cap for due southward interplanetary mag- 
netic field. The magnetic field points into the page. The Sun 
is up in the •e direction. The magnetospheric convection is 
antisunward, and the electric field is duskward. The plasma 
or ion velocity is antisunward and tilts toward dusk. The 
current is duskward. 

120 km. This is consistent with that described in Figure 2.4 
of Kelley [1989]. The ionospheric ion velocity is therefore 
antisunward and duskward. As the current increases from 

higher altitudes to lower altitudes, because of an increase 
in collisions, the ion velocity rotates more toward the dusk. 
The ionospheric plasma velocity U is the same as ui. Be- 
cause the electric field in the ionospheric plasma frame E* 
is perpendicular to j, it is in the antisunward direction when 
crH >> a•, in equation (17). 

The perpendicular conductivities defined in our Ohm's 
law are different from those defined in the conventional the- 

ory. The difference also leads to different physical under- 
standing. Our conductivities are defined in the plasma frame. 
This frame moves with the ions. The current is carried by 
electrons in this frame. If there is no collision, the electrons 

conduct the electric drift motion moving with ions. Elec- 
trons stay still in the plasma frame. No current will appear. 
With collisions, electrons and ions move at different veloc- 
ities. The separation of the two species creates an electric 
field in the plasma frame E* = (E + U x B). It is nearly 
perpendicular to the electric field in the inertial frame above 
120 km. The electric drift motion produces the Hall current. 
Electron collisions make the electrons move preferably in 
the electric field direction while drifting, leading to the Ped- 
ersen current. Since in a large range of altitudes electrons 
are gyrodominant, the Hall current is much greater than the 
Pedersen current. This is also why the Hall conductivity in 
our definition is independent of collisions in this range. 

The conductivities defined in the neutral wind frame mean 

something quite different. In the neutral wind frame the cur- 
rent can be carried by both electrons and ions. A signifi- 
cant component of the two motions is the same. It does not 
produce a net current. The net current in the electric field 
direction is produced by ion motion. This is the Pedersen 
current in conventional theory. Similarly, the electrons carry 
the Hall current. However, most of the electron current is 
cancelled by the ion drift at high altitudes. 

When studying magnetosphere-ionosphere coupling, the 
difference between the magnetosphere and the ionosphere 
motions is most important. It is most useful to derive the 
relationship between the magnetospheric electric field and 
the ionospheric velocity. As we noted earlier, the electric 
current in our treatment is defined in the inertial frame. In 

fact, it is invariant of frame of reference in nonrelativistic 
flow. Combining equation (17) with (22) yields 

/! 

U = •-•E x B + E, (33) 
where we have assumed a stay-still neutral wind and an al- 
titude above 120 km. From this relationship one can see 
clearly that the ratio of ion motion in the electric field di- 
rection and the electric field drift direction is crp/a•. For a 
given magnetospheric electric field the ionospheric convec- 
tion velocity is determined. 

The coupling between the ionosphere and thermosphere is 
primarily via neutral-charged particle collisions, because the 
electric current and electromagnetic field do not appear in 
(3). The rate of the momentum gain in neutrals from charged 



8156 SONG ET AL.' THREE-FLUID OHM'S LAW 

particles equals the momentum loss in the charged particles. 
From (1) to (3) we have 

--Nn•T/•n[/fni(Un -- ui)q-/]ne(Un -- Ue)] = 
.•e[•7•i/fin(Ui- an) q- •T/•e/fen(Ue -- an)]. (34) 

From (13), the fight-hand-side of (34) is 

Un) + -- 
-- Ne(rn, iPin q- rn, ePen)(U- Un) 

q-m•e (/•in -- t/en)j --j X B. (35) 
e 

It is the gain in the momentum of the neutrals. In the regions 
without current, namely, j --- 0, the ionospheric plasma and 
the neutral wind move with the same speed. In other words, 
if the plasma and the neutral wind have different speeds, 
there exists a current, unless other forcings are present. If 
the neutral wind stays still, the neutral wind exerts a drag 
force on ions to balance the j x B force. In the low lati- 
tudes, ion drag opposes the neutral wind, especially during 
the daytime. In the polar cap, on the other hand, the solar 
wind supplies momentum to both the plasma and the neu- 
trals in the same direction [Kelley, 1989, pp. 263-264]. 

To estimate the magnitude of the ionosphere-thermosphere 
coupling, we evaluate the order of the j x B force divided 
by NemiUin in (35), which measures the difference between 
the ionospheric plasma and thermospheric neutral veloci- 
ties. The frictional force, the last term in the middle ex- 

pression, is small. From (32) the corresponding velocity of 
j x B/Nemit/in is of the order of •i/Uin times the magni- 
tude of Vdrift -- U. Since Vdrift -- U is proportional to 

2 •"•i/]in/(•"• q- /Ji2n) above 120 km and to Ui2n/(fti 2 +//in) be- 
low 120 km, the factor of the neutral wind and ionosphere 
velocity difference is f•i2/(f• + Ui2n) above 120 km and 
ftiUin/(f• + Ui2n) below 120 km. For a given electric fie•d, 
namely, for a given Vdrift, the velocity difference factor is 
near 1 at high altitudes, decreases to 1/2 at 120 km, and fur- 
ther decreases at lower altitudes. 

6. Conclusions 

In this study we take a fluid approach to analyze a sys- 
tem containing ions, electrons, and neutral particles. This 
system can be used to describe the system of the magneto- 
sphere, ionosphere, and thermosphere. It covers a very broad 
range of the parameter regime, ranging from weakly ionized 
dense collisional gas to fully ionized tenuous collisionless 
plasma. We analyze the electron and ion momentum equa- 
tions in the plasma frame for a uniform medium in steady 
state. In particular, we include the electron-ion collisions 
self-consistently and treat the ion and electron equations in a 
completely coupled manner. We derive the complete Ohm's 
law and the plasma momentum equation for the system. The 
form of Ohm's law is in the plasma frame, similar to the gen- 
eralized Ohm's law derived from a two-fluid system, while 
including three inter-species collisions. Ohm's law is dif- 
ferent from the conventional three-fluid collisional Ohm's 

law, which is expressed in the neutral wind frame, in both 

its form and the expressions of the conductivities. The new 
form can retrieve the ideal-MHD frozen-in condition in the 

collisionless limit and the generalized Ohm's law when the 
neutral-plasma collisions are neglected. It describes con- 
tinuously the transition from collisionless, to electron-ion 
collision dominant, to electron-ion and neutral-plasma col- 
lisions coexisting, and to neutral-plasma collision dominant 
processes and hence covers the full range of altitude from 
the magnetosphere, to ionosphere and thermosphere, as well 
as other space/astronomical plasma environments. The con- 
ventional three-fluid collisional Ohm's law can be derived by 
combining the new form of Ohm's law with the momentum 
equation. The conventional conductivities may be retrieved 
with a few approximations, which may hold well in Earth's 
environment, but some may be poor in other plasma envi- 
ronments. 

Application of the new form of Ohm's law to Earth's en- 
vironment shows that in the magnetosphere-ionosphere cou- 
pling, the ionosphere needs to be treated as a separate entity 
from the magnetosphere instead of the inner boundary of the 
magnetosphere. The ionospheric velocity is different from 
the magnetospheric velocity. The relationship between the 
magnetospheric electric field and ionospheric velocity can 
be derived by combining Ohm's laws in the plasma frame 
and in the neutral wind frame, indicating that the two regions 
are coupled primarily by the electric field. The ionosphere 
is coupled with the thermosphere by the neutral-plasma col- 
lisions, as described by the plasma momentum equation. 
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