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[1] Waves that propagate between the outer magnetospheric regions (in particular the
magnetopause or the magnetotail) and the ionosphere and thereby mediate the dynamic
processes of the magnetosphere-ionosphere-thermosphere system are affected at the
lower end of their paths by the interaction of the plasma with the neutral atmosphere. We
use three-fluid equations (electrons, ions, and neutral particles) to study wave propagation
and derive the general dispersion relation, under the simplifying assumptions of
incompressible parallel propagation in a locally uniform system. Included are the effects of
ion-neutral, electron-neutral, and ion-electron collisions on the electric current and on the
plasma flow, as well as the effect of plasma-neutral collisions on the neutral atmospheric
flow. At low frequencies, near and below the ion-neutral collision frequency, the
properties of propagating perturbations are modified as a result of the interaction with the
neutral atmosphere. Because the wavelengths may be too long for the local-uniformity
assumption to apply, the quantitative statement of the modifications may not be reliable,
but their qualitative properties are clear. Wave speed becomes substantially slower than the
Alfvén speed because of inertia loading by neutrals. Waves are significantly damped
because of plasma-neutral friction. Left-handed and right-handed waves have different
dispersion properties because ion motion is inhibited much more than electron motion by
collisions with neutrals. At still lower frequencies, below the neutral-ion collision
frequency, plasma and neutrals move together, leading to wave speed equal to the Alfvén
speed based on the total (plasma plus neutral) mass density and to disappearance of
damping and of differences between left-handed and right-handed dispersions. These
results indicate that the coupling of ionosphere and neutral atmosphere is better described
as a (frictional) neutral-drag process rather than as Ohmic dissipation, in agreement
with the conclusions of another direct study of energy equations in the ionosphere-
atmosphere system.

Citation: Song, P., V. M. Vasyliu�nas, and L. Ma (2005), Solar wind-magnetosphere-ionosphere coupling: Neutral atmosphere effects

on signal propagation, J. Geophys. Res., 110, A09309, doi:10.1029/2005JA011139.

1. Introduction

[2] Much of magnetospheric dynamics is driven by
inputs, both steady and variable, from the solar wind, and
hence understanding the propagation of changes, on all
spatial and temporal scales, from the magnetopause or from
the magnetotail inward through the magnetosphere and
down to the ionosphere is of central importance. As a
first step in describing how an imposed change at the

magnetopause or in the magnetotail (e.g., a sudden
enhancement of reconnection) produces its signal at
the ionosphere (via Fourier decomposition of the input,
propagation of each frequency component at its own veloc-
ity, and Fourier reconstitution of the output), Song and
Vasyliu�nas [2002] developed a simple model of propagating
imposed perturbations along magnetic field lines from the
outer magnetosphere to the ionosphere. Although their
model includes all frequency/time regimes, from near-
speed-of-light propagation well above the plasma frequency
to MHD waves well below the ion gyrofrequency, it
assumes a collisionless plasma and hence is applicable in
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the spatial domain only to the magnetosphere, excluding the
ionosphere.
[3] In this paper, we extend the physical model developed

by Song and Vasyliu�nas [2002] and add the effects of
collisions between plasma and neutral particles, using
collision rates appropriate to the ionosphere. The model is
thus applicable continuously over the entire spatial range,
from the magnetosphere down to and including all the
layers of the ionosphere. The basis of the model is a
three-fluid description, applicable to the partially ionized
medium of the ionosphere-thermosphere system and includ-
ing the collisionless magnetosphere as a limiting case:
electrons, ions, and neutral particles, with interspecies
collisions among all three included. Previously, Song et
al. [2005] derived the three-fluid Ohm’s law to describe the
steady-state structure of the ionosphere coupled to the
magnetosphere and the thermosphere, and with it they
derived, for given magnetospheric boundary conditions,
the continuous change of the plasma bulk velocity with
height, from the magnetosphere to the lower ionosphere, as
collisions become more and more important. Here we
extend our previous work from steady state to wave
propagation.
[4] Our analysis brings together several aspects which

previously have been discussed mostly in isolation. A
multifluid structured ionosphere has been treated in
many ionospheric models [e.g., Akasofu and DeWitt,
1965; Boström, 1974; Roble et al., 1998; Kelley, 1989;
Richmond et al., 1992], including attempts at describing
time-dependent (but not wave) behavior for the closed field
line regions of region 2 currents [e.g., Peymirat et al.,
1998]. Waves as an essential element in magnetosphere-
ionosphere coupling have been treated by Lysak [1990,
1999], Strangeway [2002], and others, although the effects
of the neutral motion on the wave propagations have not
been included. Effects of neutral motion, on the other hand,
on the high-frequency wave propagations have long been
known in radio science [e.g., Sen and Wyller, 1960; Booker,
1984]. To the conventional magnetospheric description of
magnetosphere-ionosphere coupling we add neutral atmo-
sphere effects and a structured as well as dynamically
responding ionosphere, to the (by now) conventional
three-fluid treatment of the ionosphere we add time-
dependent global propagation effects from the magneto-
pause, and to radio science we extend the neutral effects on
wave propagation to lower frequencies. Although individual
equations from the set we analyze have appeared in previ-
ous works, systematic application of the entire set over a
broad frequency range appears to be novel. In particular,
we are aware of no previous derivation of the complete
dispersion relation for parallel propagation near and below
the ion gyrofrequency.
[5] This is a very complicated physical/mathematical

system, a realistic treatment of which remains a formidable
task for the future. In this paper we obtain solutions for a
highly idealized situation. We restrict ourselves to waves
at a given frequency, leaving for future work the analysis
of frequency and time integration. In section 2, we begin
with the three-fluid treatment, three-fluid generalized
Ohm’s law, plasma momentum equation, and neutral
momentum equation. We then apply these equations to
the magnetosphere-ionosphere system, for now under the

simplifying approximation of local uniformity. In section 3,
we derive the (complex) dispersion relation for incompress-
ible parallel propagation. The detailed derivation of the
dispersion relation is given in Appendix A. In section 4, we
focus on the low-frequency range and on parameters at
some characteristic altitudes within the ionosphere, where
most of the neutral-atmosphere effects on magnetosphere-
ionosphere coupling occur, and calculate wave propagation
and attenuation properties as functions of parameters at each
height. In section 5, we give a simple physical interpretation
of some remarkable wave properties described by the
mathematical dispersion relation, discuss the relative roles
of resistivity and neutral drag, and examine the applicability
of the assumed locally uniform-medium approximation.

2. Three-Fluid Governing Equations

[6] A complete fluid treatment of three species, i.e.,
electrons, ions, and neutrals, can be obtained from the
kinetic equations for each species by integrating these
equations over the phase space, defining macroscopic
quantities, and deriving the various moment equations for
each species [e.g., Sen and Wyller, 1960; Gombosi, 1994;
Schunk and Nagy, 2000]. These moment equations and
macroscopic quantities describe each species as a fluid,
without treating the motion of each individual particle. The
momentum equations for the three species can be combined
and rewritten as the generalized Ohm’s law, the plasma
momentum equation, and the neutral momentum equation
[Song et al., 2005]. They are
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where e, Nh, j, U, Kh, E, un, B, mh, and nhx, are the
elementary electric charge, the number density of species h,
the electric current, the plasma bulk velocity, the kinetic
tensor of particle species h, the electric field, the bulk
velocity of neutrals, the magnetic field, the average mass of
particles of species h, and the collision frequency between
particles of species h and x, respectively. The subscripts i, e,
and n denote ions, electrons, and neutrals, respectively. The
vector Fh denotes all other forces exerted on species h, such
as gravity, viscosity, and (if the equations are written in a
rotating frame) centrifugal and Coriolis forces. K = Ki + Ke

and F = Fi + Fe. We assume, following the approximations
discussed by Song and Vasyliu�nas [2002], that the ions are
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singly charged, and that charge quasi-neutrality holds in the
plasma, Ne = Ni. We have neglected possible wave-particle
interactions, and we ignore photochemical processes
(except, of course, insofar as they determine the height
profile of the ionosphere).
[7] Equations (1), (2), and (3) describe the behavior of the

current, plasma motion, and neutral wind, all important
quantities in solar wind-magnetosphere-ionosphere cou-
pling, and will be used as the basic equations in our work.
[8] We base our analysis on the physical model described

by Song and Vasyliu�nas [2002], as shown in Figure 1, in
which perturbations propagate from the magnetopause to
the ionosphere along the magnetic field, in regions without
strong effects of Birkeland (field-aligned) currents and
precipitating particles. As pointed out by Song and
Vasyliu�nas, the same model can also be used for perturba-
tions on the nightside associated with magnetotail recon-
nection. Because we focus on electromagnetic coupling and
collisions, we assume F = Fn = 0 and neglect compression.
The incompressibility assumption combined with continuity
and parallel propagation implies that the velocity perturba-
tion is perpendicular to the propagation direction and that
the gradient term r 	 Kh vanishes. In this regard, we do not
consider global scale ionospheric dynamo effects in our
discussion.
[9] For simplicity, we treat the partially ionized gas

system as locally uniform, i.e., we neglect the variation of
plasma parameters with altitude and describe linear electro-
magnetic waves by a wave equation in which all the plasma
parameters are treated as constants having their local values.
Within each bounded domain of altitude, the dispersion
relation (describing waves that can propagate up or down
and can be reflected at boundaries) is thus approximated by
that of a uniform medium with equivalent plasma parame-
ters; the wave propagation properties change only implicitly
with height, following the change of the parameters. (This
approximation of a locally uniform medium is not to be
confused with the assumption of an unbounded domain.)
[10] The local uniformity approximation is valid, in

general, if the wavelength is much smaller than the spatial
scale of the gradients of the plasma parameters. Since we
are treating waves spanning a few orders of magnitude in

frequency in a system of very large spatial scale, the
approximation may not be valid everywhere and for all
frequencies; in fact, it turns out to be rather poor for low-
frequency waves in the ionosphere. In section 5.3, we
discuss limits and corrections to the local uniformity
approximation. Nevertheless, we will show that as a first
step, many physical insights can be obtained from this
physically simplest but mathematically still ponderous
analysis.
[11] Even for a uniform system, the tightly coupled

three-fluid equations are tedious to solve. Taking the
parameters from Figure 1 of Song et al. [2001] and further
assuming ne/We 
 nin/Wi and nin 
 ne, where ne = nen +
nei, we can simplify equations (1), (2), and (3) to
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To complete the equation set, Maxwell equations are
required: Faraday’s law

r� E ¼ � @B
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; ð7Þ

and Ampère’s law
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1
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The magnetic field is also divergence-free, from Maxwell
equations. All quantities are to be evaluated using the local
parameters.

3. Dispersion Relation and Propagation Velocities
for Parallel Propagation

[12] We further follow the magnetosphere-ionosphere
coupling model used by Song and Vasyliu�nas [2002] to
analyze the dispersion relations of different modes. What
have been added to the model in this work are the neutral
momentum equation and the collisions among the three
species. Again, only incompressible parallel propagation
modes are considered.
[13] Fourier-decomposing equations (4)–(8), under the

assumption that the change in the magnetic field is much
smaller than the background field, yields the dispersion
relation for the system (detailed derivation in Appendix A),
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Figure 1. Reproduced from Song and Vasyliu�nas
[2002]. (a) Dayside open magnetic field lines viewed from
afternoonside. (b) Simplified magnetic field lines.
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where n = kc/w is the index of refraction, k and w are the
wave number and frequency, and a = miNe/mnNn is the total
mass density ratio of the plasma to neutrals. (No
assumptions have been made about the order of magnitude
of a.) Because of collisions, the index of refraction and the
wave number are now complex, n = nR + inI and k = kR +
ikI. The reciprocal of the imaginary part of the wave
number, 1/kI, gives the attenuation depth of the wave: the
distance over which the wave amplitude is reduced, when kI
is negative, by a factor 1/e. The phase velocity is defined as
Vphase = c/nR = w/kR. The group velocity may be defined as
Vgroup = (dkR/dw)

�1. In the presence of attenuation (nonzero
kI), however, its physical significance is limited, and in
particular it is not generally the same as the signal
propagation velocity (cf. discussion by Brillouin [1960]).
[14] The dispersion relation depends strongly on the

ratios of collision frequencies to gyrofrequencies and on
the mass-density ratio of plasma to neutrals. Strictly speak-
ing, these two quantities are not completely independent: for

given ionospheric parameters (electron concentration, mag-
netic field) and atomic-physics quantities (particle charges
and masses, collision cross sections), the collision frequency
and 1/a both vary in proportion to nn. Nevertheless, they
enter equation (9) for different physical reasons: the colli-
sion frequency terms come from the effect of collisions on
charged particle motion, and the a terms come from the
effect of the same collisions on neutral particle motion. It is
instructive to separate the two effects, and for this purpose
we first examine three cases (parameters given in Table 1)
with the same density ratio but different collision frequen-
cies. Figure 2 shows the dispersion relations, the frequency
versus the real part of the wave number, for the three cases.
The two panels from top are for the left-hand and right-hand
modes, respectively. (Note: ‘‘left-hand’’ and ‘‘right-hand’’
are here defined by reference to the mean magnetic field
direction, as customary in plasma physics, and not to the
direction of propagation, as in optics and conventional
electromagnetics. Left-hand or right-hand waves rotate in
the direction of gyration of ions or electrons, respectively;
their circular polarization, in the conventional sense, is that
of their name if the propagation and the mean field
directions are parallel but is reversed if antiparallel.)
Changes at characteristic frequencies wpe, We, Wi, nin, aWi,
and anin are evident. Notice that the density ratio effects
appear at aWi for the high-collision case and at anin for the
low-collision case. Figure 3 shows the dispersion relations
evaluated using the parameters of the ionosphere at 100 km,

Figure 2. Dispersion relations for three-fluid collisional
system for three sets of collision frequencies using
parameters given in Table 1. The upper (lower) panel is
for the left- (right-) hand modes.

Table 1. Three Cases With Different Collision Frequencies

A B C

nei/Wi 0.01 1 100
nen/Wi 0.01 1 100
nin/Wi 0.01 1 100
a 1 � 10�4 1 � 10�4 1 � 10�4

VA, km/s 1000 1000 1000
ai 16 16 16

Figure 3. Dispersion relations using parameters given in
Table 2, corresponding to those in the ionosphere at
altitudes of 100 km, 200 km, and 400 km. The upper
(low) panel shows the left- (right-) handed polarized modes.
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200 km, and 400 km, as given in Table 2, which is derived
from Figure 1 of Song et al. [2001]. Note that the height
given for each line is the height at which the densities and
frequencies have been evaluated, and hence the lines cannot
be interpreted as the time sequence of a wave. We have
omitted the frequency range much higher than the plasma
frequency; waves in this range have been studied exten-
sively by the radio wave propagation community [e.g., Sen
and Wyller, 1960].
[15] In the near-Earth environment, the gyrofrequency

and collision frequency vary over a large range of values:
the difference between the two gyrofrequencies is between
3 and 4 orders of magnitude (taking into account the
change of the average ion atomic weight from 1 at high
altitudes to about 16 in the ionosphere), nen 
 We above
80 km, the difference between the ion-neutral and elec-
tron-neutral collision frequencies is about 1 to 3 orders of
magnitude, and a is about 10�2�10. Under these con-
ditions, equation (9) can be simplified to
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There are two limiting situations: weak collision when
nin 
 ne 
 Wi 
 We and strong collision when Wi 
 nin 

ne 
 We. These correspond roughly to regions above
250 km and between 90 km and 250 km, respectively, as
shown in Figure 1 of Song et al. [2001]. In the weak-
collision regions where the collision frequencies are much
smaller than the ion gyrofrequency, the dispersion is, except
at frequencies below anin, similar to that in a collisionless
plasma which has been discussed in detail by Song and
Vasyliu�nas [2002]. In the frequency band between the ion
and the electron gyrofrequencies, the left-hand mode does
not propagate in a collisionless plasma but does propagate
when collisions are included (see upper panel of Figures 2
and 3), albeit with strong attenuation (see section 4.3).

4. Low-Frequency Propagation Near and
in the Ionosphere

4.1. Low-Frequency Limit

[16] When a wave propagates from the magnetopause or
magnetosphere to the ionosphere, its frequency in absolute
units remains the same but the ratio of wave frequency to
gyrofrequency decreases because of the increase in the
ambient field strength; hence the wave in effect shifts to a
lower-frequency range in the dispersion relation. A whistler
mode wave at the magnetopause may thus become an MHD

wave when it has propagated down to the ionosphere. It is
safe to assume that all waves generated at the magnetopause
with significant power become whistler and MHD modes in
the ionosphere because of a two-order increase in the ion
gyrofrequency and a less than two-order increase in the
plasma frequency. Depending on how sharp the onset of
reconnection is, the power may be distributed over a large
range of frequencies. Although high-frequency waves may
carry a significant portion of the power, they carry less
(time-integrated) energy and their dynamic effects are less
important. Here we note that in the problem we are treating,
the source of the perturbations diminishes after the recon-
nection onset and we study only the transient dynamic
processes. Lower frequencies carry more total energy and
produce long-lasting effects. Although we discuss simpli-
fied forms of different quantities in this section, the numer-
ical results shown are based on the complete forms.
[17] We focus on the lower-frequency range, corres-

ponding to periods from a few seconds to less than 2 hours,
or 10110�3 s�1 in angular frequency. Close to the Earth, in
this frequency range, we have w
 Wi  10 2 s�1 
 We, but
the collision frequencies may be either greater or smaller
than the wave frequency. For these low-frequency waves,
equation (10) becomes
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where k = ninne/WiWe.

4.2. Propagation Speed

[18] Solving for the real part of the index of refraction in
equation (11) gives the phase velocity
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Figures 4 and 5 show the phase velocities in the frequency
range of interest based on the parameters given in Tables 1
and 2, respectively. They are derived from the complete
dispersion relation (9) but shown for a smaller frequency
range. In the weak-collision cases, at frequencies much
below the ion gyrofrequency, the phase velocity remains
nearly constant at the Alfvén speed until the frequency
decreases to the ion-neutral collision frequency. The phase
velocity then decreases with decreasing frequency w and

Table 2. Ionospheric Parameters Near Dayside Cusp

Height, km

100 200 400

Wi, s
�1 178 187 297

nei/Wi 5.05 0.656 0.084
nen/Wi 542 0.806 0.0023
nin/Wi 108 0.035 0.00017
a 7.0 � 10�9 5.7 � 10�5 3.1 � 10�3

VA, km/s 758 474 849
ai 31 28 16
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reaches a constant speed of a1/2VA for w 
 anin. For high-
collision cases, the phase velocity decrease begins at the
(higher) electron collision frequency and reaches its
asymptotic value of a1/2VA for w below aWi.
[19] Figure 6 compares the effects of collision and neutral

drag. Without neutral collisions (nin = nen = 0, dashed lines),
the lower-frequency waves of the left-hand mode propagate
at the Alfvén speed with an upper cutoff at the ion
gyrofrequency, as in conventional plasma theory. The
right-hand mode propagates at the whistler speed (Alfvén
speed) in frequencies above (below) the ion gyrofrequency.
With collisions but with an unmoving thermosphere (a = 0,
dotted lines), the right-hand mode extends the whistler
mode dispersion to lower frequencies. The left-hand mode
can propagate at frequencies above the ion gyrofrequency,
and at lower frequencies the wave speed continuously
decreases with decreasing frequency in a similar manner
as the whistler mode. With collisions as well as with a self-
consistently coupled motion of the thermosphere (solid
lines), the wave speed for both modes at the lowest
frequencies reaches a constant value of a1/2VA, as discussed
above.
[20] The decrease of the phase velocity with decreasing

frequency can be understood as the result of the following
neutral-inertia-loading process. For the low-collision case,
when w is much higher than nin, no collisions occur during a
wave cycle and the wave propagates in essentially the same
way as in a collisionless plasma. When the frequency is less
than the ion-neutral collision frequency nin, ions collide
with neutrals during a wave cycle, tending to make the

neutrals move with the bulk of ions for w 
 Wi. This is
equivalent to adding some neutral inertia to the motion of
the field line. The fraction of the neutrals that oscillate with
the ions and hence move with the field line increases as the
frequency decreases further, and when w 
 anin every
neutral in effect oscillates with the wave. The mass density
on the field line then becomes mnNn + miNi  mnNn = miNi/
a, and the phase velocity is the equivalent Alfvén speed
based on the neutral mass density, giving the factor a1/2.
Since a  10�3�8, the phase velocity can be 10�1.5�4

times smaller than the VA 700 km/s, i.e., vph can be of
the order of 10�11.5 km/s. As a decreases rapidly at
lower altitudes, the waves propagate more slowly into the
ionosphere.

4.3. Wave Attenuation

[21] In addition to slowing down the propagation, another,
more widely known, major effect of the neutrals is to
attenuate the perturbations. The attenuation rate is conven-
tionally defined as the ratio of the imaginary part to the real
part of the wave number and is thus proportional to the
logarithmic decrease of amplitude over one wavelength.
[22] Figure 7 shows the attenuation rate as a function of

frequency, for the two modes and at three heights. Signif-
icant attenuation (rate 1) occurs at frequencies from w 
nin down to about aWi or anin, whichever is smaller. The
left-hand mode is in addition very heavily attenuated at
frequencies above Wi (where it does not propagate at all in
the absence of collisions). Except at w near and above Wi,Figure 4. Phase velocities for the two modes using the

same sets of the parameters as Figure 2 and Table 1.

Figure 5. Phase velocities for the two modes at three
heights using the same set of the parameters as Figure 3 and
Table 2.
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there is little difference between the two modes at heights of
200 km and above. At 100 km, on the other hand, the
attenuation is very heavy (rate 100) for the left-hand mode
and very slight (rate 0.01) for the right-hand mode.
[23] The attenuation rate, although widely used in plasma

physics, does not tell the complete story for our purpose
because the attenuation occurs only over a finite height
range in the ionosphere. Even when the attenuation rate per
wavelength is large, the wave may cross the ionosphere
with small total attenuation, provided the wavelength is
much longer than the thickness of the ionosphere. The more
relevant physical quantity is thus the attenuation depth D =
1/kI, the absolute distance (regardless of wavelength) over
which the wave amplitude decreases by a factor 1/e. When
D is smaller than the thickness of the ionosphere, the wave
is effectively absorbed in the ionosphere, but if D is much
greater than the thickness of the ionosphere, the wave
propagates across it with little change in amplitude.
[24] Figure 8 shows the attenuation depth as function of

frequency for the two modes and three heights. In general,
the attenuation lengths are about the same for both modes,
with the exception of the lowest height (100 km) for all
frequencies and of w near and above Wi for all heights,
where the attenuation length is shorter by two or more
orders of magnitude for the left-hand mode. At 100 km, the
scaled unit for the vertical axis corresponds to about 1 km.
From Figure 8 it then follows that the right-hand mode can
cross the ionosphere at nearly all frequencies with little or

no attenuation, but the left-handed mode can do so only
when its frequency is less than about 0.1 Hz, otherwise
being heavily attenuated at the lowest heights.

4.4. Signal Arrival Time

[25] As discussed, e.g., by Song and Vasyli�unas [2002],
when reconnection turns on for a limited time at the
magnetopause or the magnetotail, perturbations at all fre-
quencies propagate downward, arriving eventually at the
ionosphere. The first major wave front, arriving in about
2 min if the field line is about 16 RE long, is the conven-
tional MHD front which corresponds to the arrival of the
plasma flow and magnetic field perturbations. Describing in
detail the signal arrival time effects of and on the neutral
atmosphere requires both generalizing the group velocity
concept to allow for attenuation [Brillouin, 1960] and
considering departures from local uniformity and thus lies
beyond the scope of this paper. We note merely that neutral
effects at low altitudes occur on longer timescales. In
particular, the neutral wind begins to be affected by the
magnetospheric driver on timescales of 1/nin and can reach
nearly full convection with the plasma on timescales of
about 1/anin  2–3 hours. If the reconnection process does
not last that long, the neutral wind will not be driven or will
be only partially driven. The neutral wind is thus substan-
tially driven by the magnetosphere on timescales of a
fraction of 1/anin. On longer timescales, other mechanisms
that may limit the neutral wind speed and prevent it from

Figure 6. Comparison of the effects of collisions and
neutral drag. The solid lines show the results using the
parameters for case B given in Table 1. The dashed (dotted)
lines show the results for the same case but let collision
frequencies (a) be zero.

Figure 7. Attenuation rates, kI/kR, for the two modes at
three heights using the same sets of the parameters as
Figure 3 and Table 2.
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moving with the plasma (allowing for possibly supersonic
relative motion of plasma and neutrals) need to be included.

5. Discussion

5.1. Physical Description of Wave Properties in the
Highly Collisional Regime

[26] The properties of the waves derived in the preceding
section, although straightforward consequences of the
mathematical development, display some aspects in the
highly collisional limit nin � Wi (‘‘C’’ and ‘‘100 km’’
curves in Figures 2–5) that perhaps are not intuitively
obvious. One is the various characteristic frequencies,
at or near which the dispersions curves change. The
significance of Wi, nin, and anin = nni is clear, but what is
special about w = aWi, and only for the left-hand mode? To
study this, we simplify the plasma and neutral momentum
equations to

@U

@t
¼ 1

Nemi

j� B� nin U� unð Þ; ð16Þ

and

@un
@t

¼ anin U� unð Þ: ð17Þ

and further rewrite equation (16) by replacing the j � B
term from the generalized Ohm’s law as

@U

@t
¼ Wib� UB � Uð Þ � nin U� unð Þ; ð18Þ

where b is the unit vector along B and UB = E � B/B2. For
a wave of frequency w in the left-hand or right-hand mode
as defined in section 3, the time derivative of any transverse
vector V is

@V

@t
¼ �swb� V; ð19Þ

where s = +1 (�1) for the left-hand (right-hand) mode.
(This is simply the statement that the vector rotates as
described. Note that throughout this section we are using
real quantities instead of complex Fourier amplitudes.)
With the use of relation (19), the neutral momentum
equation (17) becomes

�swb� un ¼ nni U� unð Þ ð20Þ

and the plasma equation (18) can be rewritten (with the
further simplification of neglecting w compared to Wi)

Wib� U ¼ �nin U� unð Þ þ Wib� UB ð21Þ

Equations (20) and (21) can be solved for the difference
U � un:

U� un ¼
UB � xb� UB

1þ x2
ð22Þ

where

x ¼ nni
sw

� nin
Wi

¼ nin
Wi

aWi

sw
� 1

� �
ð23Þ

At the value x = 0, the velocity differenceU� un assumes its
maximum value, and its component perpendicular to UB

(parallel to E) reverses sign. x = 0, however, can occur only
for s = +1 (left-hand mode) and implies the condition w =
aWi. In essence this is a match between the ratio of collision
to rotation terms: nni/w for neutrals and nin/Wi for ions.
[27] The other striking result in the highly collisional

limit is the large difference, by one or two orders of
magnitude, in the dispersion relations for the left-hand and
the right-hand modes. Normally, the modes differ much
only at frequencies between Wi and We, where the different
gyromotions of electrons and ions result in different
responses to the wave fields. In the MHD regime, where
the gyroperiod of either is very short compared to the
wave period, both modes propagate at the same Alfvén
speed in the collisionless limit. Collisions with neutrals
change the two modes differently, not because of anything
to do with gyromotion but because they affect ions much
more than electrons. For disturbances propagating with
wave vector k along the b direction and obeying the
polarization condition (19), the spatial and temporal deriv-
atives are related by

@

@z
¼ � k � b

w
@

@t

(we ignore an additional term due to attenuation, which
plays no role in our argument). For the assumed geometry,

Figure 8. Attenuation depths, D, for the two modes at
three heights using the same set of the parameters as
Figure 3 and Table 2.
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Ampère’s-law relation between the disturbance magnetic
field dB and the current density j takes the form

�s k � bð ÞdB ¼ m0j: ð24Þ

In the collisionless regime, j is related by the plasma
momentum equation to the time derivative of U, giving with
the aid of equation (19)

j ¼ �sw
Nemi

B
U ð25Þ

In the collisional regime, on the other hand, the ion flow is
greatly impeded by collisions with neutrals while the
electrons remain (even in what for our purposes is a highly
collisional parameter range) nearly collisionless; j can then
be written simply as

j ¼ eNe U� ueð Þ; ð26Þ

the current being carried predominantly by the unimpeded
electron flow velocity ue. Combining equation (24) with
either (25) or (26) gives a relation between the disturbance
magnetic field and the plasma and electron flow velocities, a
relation independent of mode in the collisionless limit (the
mode parameter s on both sides canceling out) but one that
does depend on mode when collisions are important. It is
this difference that accounts for the mode-dependent effect
of collisions at low wave frequencies.

5.2. Resistivity Versus Neutral Drag

[28] In the conventional magnetosphere-ionosphere
coupling theories, ideal MHD is used throughout the
magnetosphere and Ohm’s law is used in the height-
integrated ionosphere. In contrast, our new results are
obtained by adding dissipative effects throughout the whole
system. There are several dissipative mechanisms, and here
we look further into which one controls the coupling
processes.
[29] We first examine Ohmic dissipation, which conven-

tionally is viewed as the dominant mechanism. Ohmic
dissipation can be easily studied from the conventional
(resistive) magnetic induction equation, which can also be
derived from equation (7) combined with some terms in
equations (4) and (8),

@B

@t
¼ r� U� Bð Þ þ z

m0
r2B; ð27Þ

where z is the resistivity used in the conventional Ohm’s
law. Taking a time derivative and noticing that the first term
on the right gives the Alfvén wave in the low-frequency
limit, equation (27) is equivalent to

�w2 þ k2V 2
A � i

z
m0

k2w ¼ 0 ð28Þ

or

w2

k2
¼ V 2

A 1� i
wn
W2

i

 !
; ð29Þ

where n is the total collision frequency. It is clear that the
resistivity effects on wave propagation are important only at
high frequencies and become negligible at very low
frequencies.
[30] We examine next the effect of neutral drag. As noted

earlier, the plasma and neutral momentum equations can be
simplified to the forms (16) and (17). The first term on the
right of the plasma equation (16) gives the Alfvén wave.
Eliminating the neutral velocity, the combination of the two
equations is equivalent to

�w2 þ k2V 2
A � ininw� an2in

1þ i
anin
w

0
B@

1
CAU ¼ 0 ð30Þ

At low frequencies, the dispersion relation is

w2

k2R
¼ V 2

A

anin
1þ að Þnin

ð31Þ

and

kI

kR
¼ w

2anin 1þ að Þ : ð32Þ

Equation (31) gives the low-frequency limit of the phase
velocity as shown in section 4. The numerator on the right is
the neutral-ion collision frequency, nni, and the denominator
is the ion-neutral collision frequency when a is much
smaller than 1. The decrease in the phase velocity is due to
the neutral-inertia loading process as discussed before. The
mass ratio translates into the ratio of the neutral collision
frequency to the ion collision frequency. Equation (32) is
the attenuation rate at the low-frequency limit as discussed
in section 4. Therefore the physical insight we learn from
this analysis is that the controlling mechanism in the
magnetosphere-ionosphere coupling at the lowest frequen-
cies is properly described as neutral drag rather than as
resistivity.
[31] The above statement brings to light a distinction that

has not been made in most previous studies. Inputs of
different types of energy into the ionosphere have been
studied observationally [e.g., Lu et al., 1995; Fujii et al.,
1998; Thayer, 2000] and questions have been raised, not
about the inferred energy input rates but about the descrip-
tion of the physical mechanism of dissipation. A detailed
discussion of energy transfer and dissipation in the iono-
sphere has been given by Vasyliu�nas and Song [2005],
who found, in a self-consistent three-fluid treatment, that
distinguishing among kinetic energies of bulk flow, kinetic
energies of relative flow, and thermal energies, as well as
separating Ohmic or Joule heating from other types of
energy input, turns out to be considerably more complicated
than generally assumed. From a rigorous analysis both of
the generalized Ohm’s law and of the energy equations,
Vasyliu�nas and Song [2005] showed that Joule heating in
the true sense is negligibly small and that the input
magnetospheric energy is nearly equally distributed
between the plasma and the neutrals by a collisional
process. This process, although mathematically represent-
able as Joule heating in some formulations, physically is
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heating by friction between plasma and neutrals as a result
of their relative bulk flow. Our results show that the general
conclusion of Vasyliu�nas and Song also applies to of wave
propagation at very low frequencies and helps to understand
some of its specific properties.

5.3. Nonuniformity

[32] The local uniformity approximation is one of the
most restrictive assumptions in our analysis. There are two
primary effects that violate it: vertical changes of iono-
spheric quantities and horizontal variations due to other
forces. The latter may be accommodated to some extent by
assuming that a steady state equation, involving the balance
among the pressure gradient, Coriolis, and centrifugal
forces, has been subtracted from each of (1), (2), and (3);
then only the perturbed and not the initial plasma and
neutral velocities must be assumed relatively uniform in
the directions perpendicular to the propagation. As far as
variations in the vertical direction are concerned, the local
uniformity approximation holds if the wavelength is much
shorter than the vertical scale of the gradients of the
ionosphere, about 102 km. As can be seen from Figure 3,
this condition holds (and hence our model is quantitatively
reliable) for the following frequency ranges: for the right-
hand mode, from We down to 0.01 Wi at all heights and
down to 10�4 Wi at 100 km; and for the left-hand mode,
from Wi down to 0.01 Wi (but not at 100 km). Outside these
ranges, our results are only qualitative at best. (Note: for the
left-hand mode, the uniformity condition does not hold at all
at 100 km except for frequencies above Wi, which simply
confirms that the left-hand mode does not occur at these
frequencies: it does not propagate in the absence of colli-
sions, and our conclusion that it is heavily damped in the
presence of collisions is quantitatively valid at 100 km in
any case.)
[33] Although the local uniformity approximation is

not quantitatively satisfied in magnetosphere-ionosphere
coupling, it is still widely used in analytical studies and
data interpretations. Its applicability is in fact significantly
improved by the neutral inertia loading and the consequent
slowdown of the wave speed. We recall that the wavelength
of the ULF waves can be comparable to the size of the
magnetosphere if they propagate at the Alfvén speed.
Samson et al. [1991, 1992] identified the magnetospheric
fundamental modes to be 1.3 and 1.9 mHz. Using our
parameters at 100 km in Table 2, the wave at 1.3 mHz
corresponds to w = 4.6 � 10�5 Wi, the phase velocity for
right-hand wave is 2.3 km/s and the wavelength is 1750 km,
about 2 orders of magnitude smaller than that propagating at
the Alfvén speed.
[34] For the right-hand mode at frequencies above the ion

gyrofrequency, the damping is weak and the wavelength is
short. The wave can penetrate through the ionosphere,
which is consistent with the fact that whistlers are observed
on the ground. However, as pointed out by Kimura [1966,
1985], the whistler waves may be reflected at the local
lower-hybrid frequency when a nonzero propagation angle
with respect to ±b is allowed. Therefore interhemispheric
traveling whistlers can also be explained.
[35] In addition to reflecting incident waves, vertical

gradients also refract waves when the field line is not
parallel to the gradients. In this case, a horizontal compo-

nent of the wave will be generated, as pointed out by
Dungey [1963] and treated by Hughes and Southwood
[1973, 1976] and Hughes [1974] for the case without
neutrals.

6. Conclusions

[36] We have developed a three-fluid wave description of
the coupling from the solar wind to the magnetosphere and
to the ionosphere and thermosphere, using a single set of
equations with which the electric current, plasma velocity,
neutral velocity, and electromagnetic field can be calculated
as functions of space and time. As a first step, we have
solved this equation set for an incompressible, locally
uniform system and derived the dispersion relation for
parallel propagation.
[37] Two important effects due to the presence of neutrals

and their collisions with plasma have been identified. First,
collisions with neutrals are equivalent to a neutral inertia
loading process that makes the field line heavier and leads
to a slowdown of the propagation, with the propagation
speed at the lowest frequencies becoming the Alfvén speed
based on the total mass density including the neutral
mass. Second, there is damping of the perturbation due to
the neutral collisions, at a rate that has been derived
quantitatively as a function of frequency and collision
frequencies as well as other plasma parameters. The damp-
ing is most pronounced for the left-hand mode and for
higher frequencies.
[38] With this analysis of magnetosphere-ionosphere/ther-

mosphere coupling we have shown that the coupling
process is better described as a neutral drag process rather
than Ohmic dissipation, contrary to widespread usage but in
agreement with the recent independent and more detailed
analysis of ionospheric energy equations by Vasyliu�nas and
Song [2005]. The coupling occurs only when there is
relative motion between the neutral atmosphere and the
plasma. There are two effects of this relative motion, as
shown by Vasyliu�nas and Song: energy dissipation occurs
as frictional heating, which to first approximation is
distributed equally between the plasma and the neutrals,
and the entire magnetic stress is transferred to and
must ultimately be balanced by the neutral atmosphere,
most simply through accelerating the neutral flow (in the
direction of plasma flow). In the coupled magnetosphere-
ionosphere-thermosphere system, the neutral wind driven
by the magnetospheric stress tends to reduce the ionospheric
current and hence to reduce the total magnetospheric input
power. The coupling process is thus time-dependent even
when the plasma flow and associated enhanced electric field
at the magnetopause or magnetotail (produced by recon-
nection) is constant for relatively long times.
[39] The present analysis is only the first step toward

understanding time-dependent processes contained in this
set of equations. Among the most urgent remaining tasks is
relaxing some of the simplifying assumptions, particularly
about the geometry.

Appendix A: Derivation of Dispersion Relation

[40] Assume all the background parameters, such as
densities and collision frequencies, are time-independent,
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set B(t) = B0 + dB(t), where dB(t)
 B0, and (in anticipation
of the local uniformity approximation) neglect the curvature
of the magnetic field. From Maxwell equations (7) and (8),
eliminating B, we relate j to E,

@tj ¼ � 1

m0
r�r� Eþ 1

c2
@2
t E

� �
: ðA1Þ

From (6), we have un in terms of U,

@tun ¼
B

Nnmn

j� b� Nimi

Nnmn

@tU ¼ a
Wi

Nie
j� b� @tU

� �
; ðA2Þ

where b is the unit vector along the magnetic field.
Substituting (A2) into (5) and eliminating un, we obtain U
in terms of j,

O
_

@tU ¼ Wi

Nee
@tj� bþ aninj� bþ nen � nin

We

@tj

� �
; ðA3Þ

where for convenience we have defined

O
_

� @t þ 1þ að Þnin: ðA4Þ

Take the time derivative of (4) twice:

@t 4ð Þ ! @2
t j ¼ �We@tj� bþ NeeWe@tU� b

þ Nee nen � ninð Þ @tU� @tunð Þ � ne@tjþ
Nee

2

me

@tE

¼ �We@tj� bþ NeeWe@tU� bþ Nee nen � ninð Þ 1þ að Þ@tU

� aWi nen � ninð Þj� b� ne@tjþ
Nee

2

me

@tE

@3
t j ¼� We@

2
t j� bþ NeeWe@

2
t U� bþ Nee nen � ninð Þ 1þ að Þ@2

t U

� aWi nen � ninð Þ@tj� b� ne@2
t jþ

Nee
2

me

@2
t E

Substitute (A2) and (A3) into the above equation and
eliminate U and un to obtain an equation for j and E,

O
_

@3
t j ¼� We O

_

@2
t j� b� aWi nen � ninð Þ O

_

@tj� b� ne O
_

@2
t j

þ Nee
2

me

O
_

@2
t Eþ WiWe

�
@2
t j� bþ anin@tj� b:

þ nen � ninð Þ
We

@2
t j

�
� bþ 1þ að ÞWi nen � ninð Þ

	 @2
t j� bþ anin@tj� bþ nen � ninð Þ

We

@2
t j

� �
ðA5Þ

Express (A5) in terms of @t j, @t j � b,

O
_

@2
t þ ne O

_

@t � 1þ að ÞWi nen � ninð Þ2

We

@t

" #
@tj

þ We O
_

@t þ aWi nen � ninð Þ O
_h
� 2þ að ÞWi nen � ninð Þ@t

� 1þ að ÞaWinin nen � ninð Þ
i
@tj� b

� WiWe @t þ anin½ � @tj� bð Þ � b ¼ Nee
2

me

O
_

@2
t E ðA6Þ

Now substitute (A2) into (A6) to obtain an equation for E:

O
_

@2
t þ ne O

_

@t � 1þ að ÞWi nen � ninð Þ2

We

@t

" #

	 r � r� Eþ 1

c2
@2
t E

� �
þ We O

_

@t þ aWi nen � ninð Þ O
_h

� 2þ að ÞWi nen � ninð Þ@t � 1þ að ÞaWinin nen � ninð Þ
i

	 r � r� Eþ 1

c2
@2
t E

� �
� b� WiWe @t þ aninð Þ

	 r �r� Eþ 1

c2
@2
t E

� �
� b

� �
� b ¼ � m0Nee

2

me

O
_

@2
t E

ðA7Þ

Under our assumption of parallel propagation, the parallel
component of (A7) gives an equation for Ek that describes
pure oscillations at the electron plasma frequency, de-
coupled from propagating modes. Leaving them aside, the
conditions of r . E = 0 and E . b = 0 hold for the
remaining transverse waves, and (noting that m0Nee

2/me =
wpe
2 /c2) (A7) becomes

O
_

@2
t þ ne O

_

@t � 1þ að ÞWi nen � ninð Þ2

We

@t þ WiWe @t þ aninð Þ
" #

	 r2E� 1

c2
@2
t E

� �
�
w2
pe

c2
O
_

@2
t E

þ We O
_

@t þ aWi nen � ninð Þ O
_h
� 2þ að ÞWi nen � ninð Þ@t

� 1þ að ÞaWinin nen � ninð Þ
i

r2E� 1

c2
@2
t E

� �
� b ¼ 0 ðA8Þ

or

C1

_

E þ C2

_

E� b ¼ 0 ðA9Þ

where

C1

_

r; @t;rð Þ ¼
�
O
_

@2
t þ ne O

_

@t � 1þ að ÞWi nen � ninð Þ2

We

@t

þWiWe @t þ aninð Þ
�

r2 � 1

c2
@2
t

� �
�
w2
pe

c2
O
_

@2
t

C2

_

r; @t;rð Þ ¼
�
We O

_

@t þ aWi nen � ninð Þ O
_

� 2þ að ÞWi nen � ninð Þ@t

� 1þ að ÞaWinin nen � ninð Þ
�

r2 � 1

c2
@2
t

� �
ðA10Þ

In Cartesian coordinates with the z-axis along the magnetic
field, the component form of (A9) is

C1

_

Exþ C2

_

Ey ¼ 0

C1

_

Ey� C2

_

Ex ¼ 0

(
ðA11Þ

Defining, for convenience, the left/right polarization fields,

E� ¼ Ex � iEy; C�
_

¼ C1

_

�i C2

_

ðA12Þ
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(A11) becomes

C�
_

E� ¼ 0 ðA13Þ

and

C�
_

r; @t;rð Þ ¼
�
O
_

@2
t þ ne O

_

@t � 1þ að ÞWi nen � ninð Þ2

We

@t

þ WiWe @t þ aninð Þ
�

r2 � 1

c2
@2
t

� �
�
w2
pe

c2
O
_

@2
t

� i We O
_

@t þ aWi nen � ninð Þ O
_h
� 2þ að ÞWi nen � ninð Þ@t

� 1þ að ÞaWinin nen � ninð Þ
i

r2 � 1

c2
@2
t

� �
ðA14Þ

Since there is no explicit time dependence, we Fourier-
decompose (A14) in time, using

E� r; tð Þ ¼ E�0 r;wð Þeiwt ðA15Þ

whence O
_

(r, iw) � iw + nin(1 + a),

C�
_

r; iw;rð Þ ¼ WeWi iwþ nin 1þ að Þ½ �

	 � w2

WeWi

��
� w
Wi

þ 1þ i
wne
WeWi

� ia
nen � ninð Þ

We

�
1þ að Þ nen�ninð Þ2

W2
e

� a 1þ að Þ nen�ninð Þnin
wWe

� i ninw � i 2þ að Þ nen�ninð Þ
We

1� i 1þ að Þ ninw

�

	 r2 þ w2

c2

� �
þ n2A

w2

c2

�
ðA16Þ

where nA = c/VA.
Divided by the nonzero quantity WeWiÔ(r, iw), the operator
(A16) turns (A13) into the simple differential equation

f� r;wð Þ r2 þ w2

c2

� �
� n2A

w2

c2

� �
E� r;wð Þ ¼ 0 ðA17Þ

or

r2 þ w2

c2
1� n2A

f� r;wð Þ

� �� �
E� r;wð Þ ¼ 0 ðA18Þ

where

f� r;wð Þ ¼ w2

WeWi

� w
Wi

� 1� i
wne
WeWi

� ia
nen � nin

We

þ
1þ að Þ nen�ninð Þ2

W2
e

� a 1þ að Þ nen�ninð Þnin
wWe

� i ninw � i 2þ að Þ nen�nin
We

1� i 1þ að Þ ninw
ðA19Þ

Under our approximation of a locally homogeneous
medium, the spatial gradients of all the background
parameters can be neglected:

rnen ¼ rnei ¼ rnin ¼ rNe ¼ rmi ¼ rNn

¼ rmn ¼ rWe ¼ rWi ¼ 0 ðA20Þ

We then Fourier-decompose (18) in space, using

E� rð Þ ¼ E�0 kð Þe�ik�r ðA21Þ

�k2� þ w2

c2
1� n2A

f� wð Þ

� �
¼ 0; f� wð Þ ¼ n2A

1� c2k2�
w2

¼ n2A
1� n2�

Combining this with (A19), we finally obtain the dispersion
relation

w2

WeWi

� w
Wi

� 1þ 1þ að Þ nen � ninð Þ2

W2
e

� 1þ að Þ ninne
WeWi

" #

� i
wne
WeWi

þ 1þ að Þ wnin
WeWi

� 1þ að Þ nin
Wi

�
�2

nen � nin
We

� a
nin
w

�

¼ n2A
1� n2�

1� i 1þ að Þ nin
w

h i
ðA22Þ

where n = ck/w.
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