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[1] We study the plasma sheath surrounding an antenna that transmits whistler mode
waves in the inner magnetosphere in order to investigate the feasibility of conducting
controlled experiments on the role of wave-particle interactions in the pitch angle diffusion
of relativistic radiation belt electrons. We propose a model for an electrically short
antenna-sheath-plasma system with transmission frequencies below the electron
characteristic frequencies and much higher than the ion characteristic frequencies. The ion
current is neglected. We analytically solve a time-dependent one-dimensional situation by
neglecting the effects of the wave’s magnetic field. In our model, the antenna is charged to
a large negative potential during a steady transmission. Positive charge occurs in the
sheath and the sheath is free of electrons and conduction current. The net charge on the
antenna and in the sheath is zero. The volume, or the radius in a cylindrical case, of
the sheath varies in response to the charge/voltage variation on the antenna. The oscillating
radius of the sheath translates to a current in the plasma, which radiates waves into the
plasma. A whistler wave transmission experiment conducted by the RPI-IMAGE has
shown that the model may describe the most important physical processes occurring in the
system. The system response is predominately reactive, showing no evidence for
significant sheath current or sheath resistance. The negligibly small sheath conduction
electron current can be understood if the antenna is charged to a substantial negative
potential, as described by the model. Quantitatively, the model may underestimate the
sheath capacitance by about 20%.
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1. Introduction

[2] With the increasing use of spaceborne technologies,
we are becoming more and more vulnerable to space
weather phenomena, among which the extremely energetic
electrons in the radiation belt are a major threat [e.g., Song
et al., 2001]. These particles are trapped in the radiation
belts with lifetimes as long as a few years, posing long-
lasting threats to space-borne technologies and humans in
space. Pitch angle diffusion by the wave-particle interaction
is a mechanism that systematically reduces the pitch angles
of the particles so that they precipitate into the atmosphere
along the magnetic field lines. Theoretical investigations
have shown that whistler mode waves are very efficient in
pitch angle diffusion and are considered a primary candidate

to reduce the relativistic electrons in the radiation belts
[Kennel and Petschek, 1966; Lyons et al., 1972; Abel and
Thorne, 1998a, 1998b; Albert et al., 2001; Inan et al., 2003;
James, 2003]. Placing a transmitter in the radiation belt to
transmit whistler mode waves may be among the most
direct approaches to determine the wave particle interaction.
[3] For spaceborne transmission, different from vacuum

conditions, the antenna is submerged in the surrounding
plasma, which is electrically highly conductive because of
the low collision rate among particles in space. Here we are
concerned with the case in which the plasma will allow the
whistler mode to propagate. The whistler mode frequencies
lie between the electron gyrofrequency and the lower-hybrid
frequency when the electron plasma frequency is higher
than the electron gyrofrequency [e.g., Kivelson and Russell,
1995]. When the antenna transmits, the two branches of a
dipole antenna, if electrically insulated from the surround-
ing plasma, are charged alternatingly with equal but oppo-
site voltages, forming an electric field surrounding the
antenna from one branch to the other and in the surrounding
space. The charged particles move in response to the electric
field; the electrons are attracted to the positively charged
branch of the antenna and the ions to the negatively charged
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branch. Furthermore, the transmission current, which flows
along the antenna, generates a magnetic field. The magnetic
field in turn affects the motion of the charged particles. The
theories of whistler mode wave transmission in plasma can
be found in numerous studies [e.g., Arbel and Felsen, 1963;
Balmain, 1964; Wang and Bell, 1972]. Nonetheless, these
theories treated regions far from the antenna.
[4] For whistler mode transmission, a substantial space-

charge sheath will form around the antenna because of the
different speeds with which the ions and electrons respond
to the varying electric field. The quasi-neutrality approxi-
mation used in plasma theory, such as in VLF wave
radiation and propagation, is no longer valid in the sheath.
Figure 1 illustrates such a transmitter-antenna-sheath-plasma
system and its equivalent circuit, assuming that the trans-
mitter drives the antennas through a transformer. In the right
panel, the equivalent circuit, the transmitter is expanded to a
transmitter source and a couple of tuners. The tuners are not
important for the discussion of the physical processes of the
sheath, but they are important for transmission experiments
that will be discussed in section 4. The sheath confines the
electric field and functions as a shield that hinders the
electromagnetic field from being transmitted. In a steady
transmission, this shielding leaves only displacement
currents, a small sheath leakage (conduction) current, and
the magnetic component to couple to the plasma. Quantita-
tive understanding of the sheath processes and the control-
ling factors is crucial to the design of a space-borne whistler
wave transmitter.
[5] With a bare antenna that is not insulated from the

surrounding plasma, two important processes take place:
conduction currents flowing in and out of the antenna and
electric charging of the antenna. Most existing theories treat
a single conductor [e.g., Laframboise and Parker, 1973]. A
transmission antenna has an active internal driver. During
transmission, the positive branch collects electrons and the
negative branch collects ions. Owing to the difference in ion
and electron masses, electrons move faster and carry more
currents than ions. The evolving DC negative antenna
potential, which reduces the electron current while increas-

ing the ion current, maintains overall charge conservation. If
the two branches of the antenna are DC connected, they will
share the same DC voltage. Their DC voltages can be
different if they are not DC connected and are made of
different materials. In our discussion below, we assume the
two branches are made of the same material of high electric
conductivity and are DC connected as shown in Figure 1. In
a highly simplified picture, the current balance between
identical positive and negative elements will be achieved at
a voltage ratio of �(me/mi,)

1/2, for a two-branch antenna
system at the peak of a wave cycle. In this case, the DC
negative voltage thus can be close to the amplitude of the
AC voltage. The real situation can involve other effects,
such as charge collection by the spacecraft body, transition
to a spherical sheath at high voltage, overlapping-sheaths,
and electron emission by the negative branch due to
secondary and photoelectrons, but the average or common
potential is still overwhelmingly negative. The antenna-
driving current now couples to the plasma through both
conducted particle currents and a displacement or reactive
current through the sheath capacitance. For simplicity of
language we identify this reactive current with radiation into
the whistler modes, while recognizing that there still
remains a formidable problem to quantify the partition of
the reactive current into radiating and dissipating compo-
nents beyond the sheath. The electric charging of the
antenna substantially changes the processes surrounding
the antenna, the electrical characteristics of the antenna,
and the satellite environment. Therefore to understand
antenna charging is extremely important for antenna and
satellite-system designs. A precise determination of the
common potential requires a three-dimensional numerical
analysis (e.g., Mandel, private communication, 2002, for
electrostatic cases).
[6] Our present theoretical understanding of the plasma

sheath processes for whistler mode transmission is built
upon earlier work by Mlodnosky and Garriott [1962],
Despain [1966], Miller [1967], Grard and Tunaley
[1968], Johnston [1969], and especially that of Shkarofsky
[1972]. Shkarofsky used the Langmuir and Mott-Smith

Figure 1. A transmitter-antenna-sheath-plasma system (left) and its equivalent circuit (right). In the
right panel, the transmitter is expanded to include a transmitter source and a couple of tuners, the function
of which is discussed in section 4. Rr is the radiation resistance, Cs and Rs are the sheath capacitance and
resistance, and Va and Vs are voltages at the antenna and at the boundary between the sheath and plasma,
respectively. Note that only the circuit current, the antenna voltage Va, and the voltage at the transmitter
source (before tuner) can be measured.
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[1924] method to calculate the electric potential surrounding
a one-dimensional static high-voltage antenna. In his model,
particles are accelerated by the electric field, and particle
motions produce currents. From the relationship between
the current and voltage, the sheath capacitance and resis-
tance are derived. Oliver et al. [1970] conducted some
experiments and found substantial differences between the
experiments and theory.
[7] The physical processes we will describe are funda-

mentally different from the previous models. Most of these
models are electrostatic in which the electric field is treated
as constant. In a time dependent process, such as a wave, a
model not only has to describe an instant but also the very
next moment in a continuous manner. To illustrate the
inadequacy of a static model, let us consider the moment
of maximum voltage at the antenna when all electrons in the
sheath are collected by the positively charged antenna
branch. In the next moment when the branch voltage is still
positive but decreases and the sheath radius decreases, there
are no more electrons in the sheath available for the antenna
to collect any current. This is an inconsistency in a static
model where the time dependence is not self-consistently
included in the model because it still predicts a large
current. Our model also treats the boundary conditions at
the antenna surface to allow surface charging. Most impor-
tantly, our model describes a completely different physical
process for the radiation current. For simplicity, in our
model the ion density is approximated as frozen at the
ambient density, allowing for only a small ion current to still
be conducted. This particular situation allows the formation
of well-defined plasma sheaths, which in our model can be
treated by analytic methods and electrically approximated
with a lumped circuit model as illustrated in Figure 1.
[8] In section 2 of this paper, we outline the general

treatment and boundary conditions for such an antenna-
plasma system. Since it is nearly impossible to solve the
equation set analytically in three-dimensions, we solve the
time-depend equation set in one-dimension in section 3 by
neglecting the effects of the magnetic field and ions, but
including antenna charge and radiation load which were not
included in previous models. In section 4, we present the
results from a space transmission experiment and compare
them with theory.

2. General Treatment and Physical Model

2.1. Governing Equations

[9] There are three domains in the antenna-plasma sys-
tem: the antenna, the sheath, and the plasma. The governing
equations are different in the three domains. The solutions
for each domain depend on the boundary conditions with its
neighboring domains. This dependence is important be-
cause the solutions in the plasma, when calculating radia-
tion for example, depend on the current at the sheath
boundary and not the currents at the antenna surface.
Between the sheath and plasma, a transition called presheath
is often discussed in the literature, but for our purpose, we
assume that the transition between the two domains is sharp,
of the order of an electron gyroradius.
[10] Different from previous works, we take a first-

principles approach, starting with Maxwell’s equations

and the momentum equation of electrons, neglecting the
ion motion,

medue=dt ¼ �e Eþ ue � Bð Þ; ð1Þ

where me, e, ue, E, and B are electron mass, elementary
electric charge, the electron velocity, and the electric and
magnetic fields, respectively. We assume that the current is
carried by electrons and neglect the thermal motion of the
electrons. Note that the momentum equation describes
the motion of the particles in the plasma or sheath but not on
the antenna. Because the spatial scale of the sheath is
limited, electrons in the regions far from the sheath-plasma
boundary in the sheath would hit the antenna or be pushed
out of the sheath in no time. The electron momentum
equation describes the motion of an electron for only a small
fraction of the time of interest, during which ions are barely
moved.
[11] The electric scalar potential F and the magnetic

vector potential A, from Maxwell’s equations and the
Coulomb gauge, satisfy

r2F ¼ e N � N0ð Þ=e0

r2A� e0m0

@2A

@t2
� e0m0

@rF
@t

¼ �m0J; ð2Þ

where N0, N, J, e0, and m0, are the number density of the ion
or background plasma number density, electron density,
electric current, dielectric constant, and magnetic perme-
ability in vacuum. We have assumed that ions are singly
charged. The electric charge conservation equation can be
obtained from the combination of Ampere’s law and
Poisson’s equation and is

@rq=@t þr � J ¼ 0; ð3Þ

where rq = e(N0 � N) is the net electric charge density.

2.2. Boundary Conditions at the Antenna Surface

[12] The boundary conditions at the antenna surface are
crucial to describe the antenna charging and have not been
treated in previous models [e.g., Shkarofsky, 1972]. Inside
the antenna, both the electric and magnetic fields are zero if
one assumes that the antenna is perfectly conducting. The
current flows and electric charges occur on the surface of
the antenna. At the antenna surface, the boundary conditions
are

Enaþ � Ena� ¼ Enaþ ¼ sa=e0
ETaþ ¼ ETa� ¼ 0

Bnaþ ¼ Bna� ¼ 0

BTaþ � BTa� ¼ BTaþ ¼ m0aa � n;

where subscripts T and n denote the components tangential
and normal to the antenna surface, the plus and minus signs
denote values on the sheath and antenna sides of the
boundary, respectively, sa is the surface charge density on
the antenna, and vectors n and aa are the normal direction
of the antenna surface and the surface current density on the
antenna, respectively.

ð4Þ
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[13] For an antenna that is much shorter than the wave-
length and is driven by a sinusoidal voltage oscillation of
amplitude V0, the antenna voltage is

Va z; tð Þ ¼ sgn zð ÞV0 e
jwt þ Va0; ð5Þ

where Va0 is the DC floating voltage of the antenna, noting
that each branch of the antenna is at equipotential. In the
following discussion, for convenience, we discuss the
positive branch of the antenna and drop the sign function
in (5). For a short antenna, the antenna current, flowing on
the surface of the antenna, can be approximated as linearly
decreasing toward the tips of the antenna, when the end
effects are neglected, or

Ia z; tð Þ ¼ I0 1� zj j=lð Þej wt�dð Þ; �l < z < l; ð6Þ

where l is the antenna half-length. There is a phase shift d
between the current and the voltage when the circuit is not
purely resistive. Figure 2 illustrates the temporal and spatial
relations. The top panel shows a dipole antenna at the
potentials ±8 and the resulting current, which is approxi-
mately 90� out of phase with the potential when the antenna
is predominately reactive. The middle panel shows the
voltage and current as functions of distance from the center
along the antenna at t = 0, assuming zero DC electric
current. The lower panel shows the situation at a later time
when the current peaks.
[14] At the antenna, for either an insulated surface or a

bare-metal conducting surface in steady state transmission,
the radial component of the electric current is negligible, as

discussed later for a thin antenna. Assuming azimuthal
symmetry, integrating the charge conservation equation (3)
over the cross section of the antenna yields

I0e
j wt�dð Þ ¼ 2pral

@sa

@t
¼ jw2pralsai; ð7Þ

where ra is the radius of the antenna and sa = s0 + sai. Here
s0 and sai are the DC and AC components, respectively.
The DC component is associated with the antenna charging
and the AC component due to the driving current. The AC
charge is uniformly distributed on the surface and varies

90� out of phase with the driving current and an amplitude
of I0/2prawl. The cylindrical components of the electric field
immediately outside of the antenna are

Eraþ ¼ s0

e0
þ I0e

j wt�dð Þ

jwe02pral
E8aþ ¼ 0

Ezaþ ¼ 0:

The electric field is uniform along z when the end effects are
neglected. Integrating the z-component of Ampere’s law
over the cross section of the antenna yields, noting from (8)
that Eza+ is zero,

Braþ ¼ 0

B8aþ ¼ m0

2pra
Ia ¼ m0

2pra
I0 1� zj j=lð Þej wt�dð Þ; �l < z < l

Bzaþ ¼ 0:

Figure 2. Temporal and spatial variations of the voltage and current on the antenna. Top panel shows
the transmitter and antenna system. The transmitter, which includes the driving source and the tuners,
drives a current into the antenna. The two lower panels show the current (thick dashed lines) and voltage
(thick solid lines) at different times as functions of z along the antenna.

ð8Þ

ð9Þ
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2.3. Electric Charging of a Bare Antenna

[15] Before we discuss the processes around a bare
antenna, it is instructive to first examine the processes
occurring around a perfectly insulated antenna that has no
DC connection to the spacecraft body. For such antenna,
because there is no conduction current flowing into the
antenna from the sheath, the electrons that are pushed out
from the ion-sheath side form the electron sheath on the
other side (Figure 3). The temporal variation of the antenna
surface charge translates into the variation of the thickness
of the sheath. The electron motion in the plasma, not in the
sheath, associated with the motion of the boundary produces
a current in the plasma. This current corresponds to the
radiation current of the antenna in a free-space setting.
Since, from equation (7), the surface charge has a 90� phase
shift from the driving current, the phase shift between the
antenna voltage and the driving current, d, is nearly 90�
when the radiation resistance is small compared to the
sheath reactance. In this case, the sheath functions in the
same way as a capacitor: the two branches of the antenna
are the two plates of a capacitor. The difference from a
common capacitor is that the distance between the plates
varies in time. The current coupled through the sheath can
be interpreted as a displacement current.
[16] For a bare antenna, on the other hand, the processes

near the antenna surface are different. In the first few wave
cycles, there are two processes taking place: current ex-
change between the sheath and antenna, and electric charg-
ing of the antenna associated with the electrons that flow
into or stay on the surface of the antenna.
[17] On the positively charged side, electrons are accel-

erated by the electric field and hit the antenna surface in no
time and are stopped. The kinetic energy of the electrons is
converted into thermal energy and heats the antenna. The
electron sheath does not occur, given that the acceleration
time for the electrons hitting the antenna is much shorter
than a wave cycle. As the electrons flow into the antenna,
the charge on the positively charged side is reduced. In the
next half wave cycle when the voltage of the branch is

negative, if photoelectron emissions are absence, the elec-
trons will not leave the antenna and reemit into space [e.g.,
Garrett, 1985], if we neglect the possibility of ion collection
from the sheath. The whole antenna becomes negatively
charged with a DC voltage Va0. The negative charging of the
antenna enlarges the size of the ion sheath.
[18] The charging process is expected to complete in a

few wave cycles. The system then reaches an equilibrium at
which the minimum thickness of the ion sheath during a
wave cycle is close to zero. At the moment of the minimum
thickness, we note that the antenna is charged with a
negative DC voltage close to the amplitude of the AC
voltage and that the AC antenna voltage is nearly 90� out
of phase with the current; therefore the antenna has nearly
zero output in power because the driving current is near zero
when the AC voltage reaches its maximum. In the equilib-
rium state of the transmission, the conduction current in the
sheath is near zero because the sheath is nearly free of
electrons as discussed before. In reality, when ion motion is
included, small leakage currents may exist and satisfy,Z

Iidt þ
Z
Iedt ¼ 0; ð10Þ

where Ii and Ie are ion and electron conduction currents,
respectively. It will be discussed later that the DC current is
negligible.

3. One-Dimensional Cylindrical Solutions

3.1. Weak Magnetic Field Approximation

[19] In a thin cylindrical antenna (neglecting end effects),
the magnetic field produced by the driving current is in the
azimuthal direction varying in phase with the current and its
strength decreases toward the tips of the antenna as the
current becomes weaker, e.g., see equation (9). In other
words, when the magnetic field is included, the magnetic
field coupling makes the system no longer one-dimensional
(1-D). One may easily verify from the radial component of
Ampere’s law that this magnetic field spatial change is due to

Figure 3. Physical processes in the plasma sheath surrounding an (insulated) antenna. The antenna is in
a process with increasingly positive (negative) voltage on the positive (negative) branch. Dashed lines
with arrowheads indicate the electron motion at a moment when the boundary between the plasma and
the sheath moves up. The direction of the electric current is indicated by open arrowheads. For illustration
purposes, we have made the two sheaths symmetric. In fact, the electron sheath is thinner than the ion
sheath.
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the displacement current associated with the antenna surface
charge, while the magnetic field itself is associated with the
driving current. Therefore a weak magnetic field approxi-
mation is necessary for a 1-D model. In the following we
examine the order of magnitude of the magnetic field effect
in the momentum equation and in Maxwell’s equations.
[20] For an antenna voltage of 103 V and the spatial scale

of the sheath of r 
 100 m, the electric field is of the order
of 103 V/100 m 
103 V/m. Note that this is the electric field
in the sheath and is not that in the plasma wave radiated into
the plasma, which is much smaller. The electron velocity is
of the order of the speed accelerated by the antenna voltage,
or ue 
 107 m/s. The amplitude of the magnetic field in the
sheath associated with the antenna current is of the order of
m0I0/2pr 
 10�7 T, assuming I0 
 100A. The magnetic field
is therefore dominated by Earth’s magnetic field, which is
about 10�5 T depending on the altitude of the transmitter.
The Coulomb force is about an order of magnitude larger
than the ue � B force. The effect of the wave’s magnetic
field in the momentum equation (1) can therefore be
neglected in a zeroth-order treatment.
[21] The timescale of the acceleration of electrons is the

electron plasma oscillation period when the electric field is
the dominant term. An ion sheath becomes electron-free in a
timescale of r/ue 
 100/107 
 10�7 s. This is the timescale
of the formation of the sheath, during which electrons are
either pushed out of the sheath on one side or hit the antenna
on the other side. In comparison, the period of the wave is
10�4 s. Essentially, there are no electrons in the ion sheath.
[22] For a transmission frequency of 104 Hz, the compo-

nent of the electric field associated with the vector potential
in (2) is of an order of 10�3 V/m, given the magnetic field
generated by the antenna current m0I0/2pr 
 10�7 T. If the
component associated with the scalar potential is of the
order of 103 V/m, the magnetic field term in Faraday’s law
can be neglected.
[23] For Ampere’s law, the magnetic field spatial varia-

tions in the radial direction and along the antenna are of the
order of 
10�8
9 T/m. The current and displacement term
are of the order of 10�8 T/m and 10�9 T/m, respectively.
Therefore the magnetic field term cannot be simply
neglected. However, from the divergence of Ampere’s
law, the magnetic field term vanishes and we obtain the
charge conservation equation (3). In other words, different
from an electrostatic model, we include Ampere’s law in our
treatment. The electric field is solved with the two equations
in which the time independence is implicit. The time-
dependent effects are incorporated from the antenna driving
boundary conditions, the charge conservation, and, to some
degree, the momentum equation when it is applied to the
sheath-plasma boundary, which oscillates with the driving
current/voltage.

3.2. Time-Dependent Solution for Charged Bare
Antenna

[24] For a thin antenna, which will be discussed, of 0.2 mm
in radius and 125 
 250 m long, the one-dimensional
approximation is valid. The sheath potential equation
becomes

1

r

@

@r
r
@F
@r

¼ � eN0

e0
; ra < r < rsð Þ; ð11Þ

where rs is the sheath radius. Note that the sheath is free of
electrons, as we discussed in section 2 and the previous
subsection. Also note that the equation applies only to the
sheath region. A major issue for solving the problem is that
the location of the sheath-plasma boundary is unknown and
is a function of time. Outside of the sheath, the governing
equation is different. How to determine the sheath-plasma
boundary location will be discussed in section 3.3. The
general solutions of the electric potential in the sheath are

F ¼ � eN0

e0

r2

4
þ C1 ln r

� �
þ C2: ð12Þ

With the boundary conditions, (8),

@F raþð Þ
@r

¼ �s0

e0
� I0e

j wt�dð Þ

jw2prale0
F raþð Þ ¼ Va ð13Þ

the electric potential is

F rð Þ ¼Va �
eN0

4e0

"
r2 � r2a þ

4s0ra

eN0

� j2a2ej wt�dð Þ � 2r2a

� �

� ln r

ra

� �#
; ð14Þ

where ra < r < rs and

a2 ¼ I0

pwleN0

: ð15Þ

For the DC component

F0 rð Þ ¼ Va0 �
eN0

4e0
r2 � r2a þ

4s0ra

eN0

� 2r2a

� �
ln

r

ra

� �� �
: ð16Þ

The radius of the static sheath rs0, at which the static voltage
and static electric field go to zero, and the corresponding the
surface charge and DC voltage of the antenna satisfy

Va0 ¼
eN0

4e0
r2s0 � r2a � 2r2s0 ln

rs0

ra

� �� �

r2s0 ¼ r2a �
2s0ra

eN0

:

The first expression is the same as the static result derived
by Shkarofsky [1972]. The relationship between the DC
voltage and static sheath radius as functions of plasma
frequency in given in Figure 4. When the voltage is higher,
the static sheath is thicker. The sheath is thinner when the
plasma density is higher. From the second expression, it is
obvious that the surface charge s0 is negative. The second
expression states the fact that the total positive charge
within the sheath equals the total negative charge on the
antenna surface. If the antenna is very thin and the current is
strong, the potential in the regions far away from the
antenna is

F r; z; tð Þ � sgn zð ÞV0 e
jwt þ Va0 � eN0

4e0
r2
�

þ 4s0ra

eN0

� j2a2ej wt�dð Þ
� �

ln
r

ra

� ��
; ð18Þ

where ra  r < rs.

ð17Þ
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3.3. Sheath-Plasma Boundary Conditions

[25] Equation (14) gives the potential and thus the electric
field throughout the sheath. It is also valid at the sheath-
plasma boundary where the governing equation changes
because of the presence of electrons in the plasma. How-
ever, since the location of the sheath is not defined yet, it
does not specify the values at the boundary. In earlier
models [e.g., Shkarofsky, 1972], the potential as well as
electric field are taken to be zero at the sheath boundary.
When there is radiation, both cannot be zero at the same
time. Let us derive the boundary conditions at the sheath-
plasma boundary.
[26] From the discussion above and Figure 3, the bound-

ary is in constant motion, which translates to an electric
current. Take a small column normal to and near the sheath-
plasma boundary and let the boundary move from the
bottomside of the column, rs, to the topside, rs + drs, in
dt. The change in the total charge within the column during
dt is eN0S drs, where S is the cross section of the column.
Since the height of the column drs is infinitely small, the
current flows only normally to the sheath boundary. From
the charge conservation (3), the current density flowing out
of the column is

Js ¼ �eN0

drs

dt
: ð19Þ

The negative sign is due to the negative electron charge.
[27] Similarly, if taking a volume that coincides with the

maximum size of the sheath of one branch of the antenna,
the current flows into the volume along the antenna and out
along the surface of rsm, which is the maximum radius of
the sheath. The current flowing into the surface equals that
flowing out of it, according to Figure 1. It follows that while
the sheath boundary oscillates within the volume, the net

total charge within the volume is determined according to
(3). At the moment when the current is zero, the total net
charge is zero; namely, the negative charge on the antenna
surface equals the total ion charge in the sheath. This zero
net-charge condition holds throughout a wave cycle and it is

2pral �s0 �
I0e

j wt�dð Þ

jw2pral

� �
¼ eN0lp r2s � r2a

	 

: ð20Þ

Combining (20) with (17) yields

r2s ¼ r2s0 þ ja2ej wt�dð Þ: ð21Þ

The sheath thickness is 90� out of phase with the current
and, however, is not exactly in phase with the voltage when
there is radiation resistance. The total current flowing from
the sheath into the plasma equals the radiation current, and
is, by combining (21), (19), and (15),

Irad ¼ Is ¼
Z l

0

2prsJsdz ¼ I0e
j wt�dð Þ: ð22Þ

In other words, the radiation current equivalence to that
defined in radiation theory without the plasma sheath is now
the current associated with the sheath boundary motion and
equals the total driving current. In 1–D and neglecting the
end effects, the sheath current is uniformly distributed along
the extent of the antenna instead of having a decreasing
magnitude toward the tips as on the antenna surface, as
specified in (6). Furthermore, it is normal instead of
tangential to the surface for a thin antenna.
[28] The electric field at the boundary appears to be zero

when combining (21) with the derivative of (14) with

Figure 4. The relationship between the DC voltage and the static sheath radius as functions of plasma
frequency. The antenna radius is assumed as 0.2 mm.
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respect to r. The electric potential at the sheath boundary is,
however, not zero and is

Vs ¼F rsð Þ ¼ Va �
eN0

4e0

"
r2s � r2a þ

2s0ra

eN0

� ja2ej wt�dð Þ � r2a

� �

� ln r2s
r2a

� �#
¼ V0e

jwt þ eN0

4e0
�ja2ej wt�dð Þ � r2s0 ln

r2s0
r2a

� ��

þ r2s0 þ ja2ej wt�dð Þ
� �

ln
r2s0 þ ja2ej wt�dð Þ

r2a

� �#
: ð23Þ

3.4. Sheath Reactance and Radiation Resistance

[29] In our circuit, Figure 1, neglecting the sheath loss,
the AC voltages and current at a frequency w satisfy

Va � Va0 ¼ V0e
jwt ¼ Rr þ jXsð ÞI0ej wt�dð Þ

Vs ¼ Vs0e
j wt�dð Þ ¼ RrI0e

j wt�dð Þ

Rr þ jXs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
r þ X 2

s

q
ejd;

where Xs = �1/wC and Rr are the reactance of the sheath
and the radiation resistance of a branch, respectively.
Separating the real and imaginary parts in (23) and
combining with (24) yields

Vs0 ¼
Rrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
r þ X 2

s

p V0 ¼ RrI0

Xs ¼ � 1

2pwle0
ln

rs

ra

� �
� 1

2

� �
:

We have assumed that the temporal variation in the
logarithm of the sheath radius affects only the amplitude
and not the phase. When the sheath is much thicker than the
antenna, the capacitance of the sheath is similar to that of a
coaxial cable with a radius rs. Since the radius of the cable
in this case varies during a wave cycle, the capacitance of
each branch varies with time. When the two branches are
treated as a single system, the two capacitances vary out of
phase and the total capacitance varies less dramatically.
[30] The radiation resistance of a branch of the antenna is

R2
r ¼

V0

I0

� �2

�X 2
s : ð26Þ

The two branches of the antenna may not be the same in
length. However, their DC voltages are the same as
discussed earlier in the introduction, assuming that they
are made of the same highly conducting materials. Since the
amplitude of the sheath radius is a function of length, the
sheaths may oscillate at different ranges for the two
branches. For a fully charged antenna, the minimum of
the sheath radius is limited by the antenna radius, or

r2sm ¼ r2s0 � a2m � r2a; ð27Þ

where am is the amplitude of the shorter branch lm. For the
shorter (longer) branch, the equal (greater than) sign applies.

As the two sheath reactances are in series and vary both in
time with a 180� phase difference, the average reactance is

X s ¼
1

Tw

Z Tw

0

Xs1 þ Xs2ð Þdt; ð28Þ

where Tw = 1/f is the period of the wave. Combining with
(28), (25), and (21), the total sheath reactance is

X s ¼ � 1

wC
¼ � 1

4pwe0

1

l1
þ 1

l2

� �
ln

I0

pwlmeN0r2a
þ 2

� �
� 1

� �
:

ð29Þ

4. Sheath Capacitance Measurements: Space-
Borne VLF Transmission Experiment

[31] In order to verify the theoretical model, we con-
ducted an experiment using the Radio Plasma Imager (RPI)
[Reinisch et al., 2000] on the IMAGE satellite [Burch et al.,
2001] operating in the inner magnetosphere. The RPI
antenna is cylindrical and was made of copper. Its radius
ra is 0.2 mm and the two branches are 250 m and 125 m
long, respectively. The RPI antennas share a common DC
ground with the satellite. As the antenna is charged, the
satellite will be charged to the same voltage. The RPI tuners
consist of a combination of inductors and capacitors selected
in a way that minimizes the relay switching requirements
when the transmitter frequency varies over the frequency
range from 3 to 200 kHz. The net reactance of the tuner is
positive (inductive) to ‘‘tune out’’ the negative (capacitive)
reactance of the antenna. The objective of the experiment
was to measure the sheath impedance during whistler wave
transmission by varying the tuner inductance and transmis-
sion frequency and looking for ‘‘tuned transmission,’’
during which the antenna current maximizes and, as a
consequence, generates a voltage maximum at the antenna.
Figure 5 shows the RMS antenna AC currents and voltages
at the two antenna branches, +X and �X, for frequencies
between 8 and 22 kHz during a 3-hour transmission period.
The RPI design does not allow changing the tuner induc-
tance without changing the frequency, so we were forced in
our experiment to change the frequency. Each frequency
was transmitted with a fixed inductance, and inductances at
different frequencies may be different. Therefore unfortu-
nately, the frequency and inductance effects are intertwined.
In the experiment, RPI stepped through a set of inductances
in 1.25 min, and repeated the procedure every 4 min. For
each inductance (and frequency), more than 800 wave
cycles were transmitted. If the antenna charging took a
few wave cycles, the transient processes during charging
contributed little to the measurements, which were therefore
assumed to be made when the antenna was charged.
Between two scans, regular sounding and dynamic spectra
were made in order to determine the plasma conditions at
the spacecraft location. The plasma frequency and electron
gyrofrequency measured by local resonances [Reinisch et
al., 2001; Benson et al., 2003] are given in Figure 6.
[32] Clear enhancements in the current and voltage ampli-

tudes are seen at some frequencies (inductances) in Figure 5.
As discussed before, the enhancements at these frequencies

ð24Þ

ð25Þ
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were the result of specific inductance/frequency combina-
tions. In addition, the plasma conditions varied as the
satellite moved from one region to another as shown in
Figure 6. Between 0930 and 1130 UT the transmission
frequencies satisfy the whistler mode condition. The anal-
ysis provided below separates the effects of the frequency
and plasma density.
[33] RPI does not measure the phase between the current

and voltage. The absolute values of the amplitudes are not
precisely calibrated, but the relative variations are real.
Nevertheless, since the sheath reactance depends only on

the logarithm of the current, the uncertainty in the absolute
value of the current will not significantly affect the results of
the analysis. When the antenna is correctly tuned, the
maximum current into the antenna was measured as 0.2 A
when the antenna voltage was close to 3 kV. If the sheath
admittance were dominated by the sheath conductance (1/Rs

in Figure 1) and the susceptance were relatively small, i.e.,
if wCs  1/Rs, the antenna voltage and current would
approximately be in phase and the power dissipation in
the antenna close to 600 VA, split between Rs, the tuner
resistance Rt, the radiation resistor with Rt + Rr  Rs.

Figure 5. Current and voltages as functions of frequency (inductance) and time on the X-antenna,
measured by RPI on 29 September 2004 during a whistler wave transmission experiment. The color-
coding shows the RMS amplitude.

Figure 6. Plasma and electron gyro-frequencies measured by RPI on 29 September 2004.
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However, the RPI transmitter supplies a maximum of 2 A at
50 V (Figure 1), i.e., 100 W of power. Therefore the current
must be substantially out of phase with the voltage Va on the
antenna, leading to the conclusion that the antenna is highly
reactive with a negligible current through the sheath con-
ductance (sheath losses), or 1/wCs  Rs + Rt + Rr. It
follows that the sheath reactance is around 3 kV/0.2A =
15 kW. At the frequency with maximum transmission,
19 kHz, the corresponding sheath capacitance is around
560 pF under the plasma condition when the maximum
transmission occurred.
[34] One feature evident in Figure 5 is the positive

correlation between the amplitudes of the antenna current
and voltages as expected. The top panel of Figure 7 shows
the current as a function of tuner inductance, Ltun, when
each current value was measured. Each of the measurements
satisfies the whistler mode condition; namely, the transmis-
sion frequency is less than both the local plasma and
electron gyrofrequencies. Measurements with currents less
than 0.05 A are not shown. Because there are only a limited
number of inductances, there can be more than one mea-
surement at each point on this plot. Similarly, since the
transmission frequencies spread over a factor of 3, Figure 5,
the currents at a single inductance correspond to several

frequencies, different by up to a factor 3. The antenna was
‘‘in tune’’ when maximum current amplitudes were mea-
sured. The in-tune condition occurs when LtunC = 1/w2,
where C and w are the (total) sheath capacitance and the
transmission angular frequency, respectively. The upper
panel shows a complicated dependence of the current as a
function of inductance because several frequencies shared
the same inductance and only some of them were tuned to
the system. An equivalent capacitance Ceqv is defined
according to the in-tune condition. It represents the sheath
capacitance only at current peaks. When the current is weak,
it has no real physical meaning. The middle panel of Figure 7
shows the current as a function of equivalent capacitance.
Because Ceqv = 1/Ltunw

2, different frequencies that shared
the same inductance are now separated. A clear concentra-
tion of the in-tune condition appears in a range of the
equivalent capacitances.
[35] The lower panel of Figure 7 shows the equivalent

capacitance normalized by the capacitance based on our
model, equation (29). If the model were perfect, there would
be a single sharp peak at 1.0 of normalized capacitance in
the lower panel. The first feature observation to note is that
the normalization narrows the peak. The width of the peak,
say the width at 100 mA, divided by the center value is

Figure 7. Current in the X-antenna as a function of the tuner inductance Ltun (top panel), equivalent
capacitance Ceqv = 1/w2Ltun (middle panel), and the normalized equivalent capacitance with respect to the
model capacitance (lower panel).
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about 100% in the inductance panel and 40% in the
equivalent capacitance panels, but it narrows to 30% for
the normalized capacitance. The narrowing of the width of
the peak from the top panel to the middle panel indicates
that the effects due to different frequencies are removed to a
certain degree. The further narrowing in the bottom panel
indicates that the model capacitance correctly describes the
capacitance as a function of plasma density. Note that
the relatively smaller improvement from the middle panel
to the lower panel is a result of the logarithmic dependence
of the sheath capacitance on the plasma density, as shown in
(15) and (25). The peak of the normalized capacitance is at
about 1.2, indicating the model may underestimate the
capacitance or overestimate the reactance by about 20%.
[36] The above comparison is based on the assumptions

that the antenna was charged to a negative voltage close to
the amplitude of the AC voltage (�3 kV) and that there is
no electron sheath. Under these conditions, the cold elec-
trons cannot penetrate the sheath and reach the antenna:
hence the current in the sheath is negligible, there is no
significant sheath conductance in the equivalent circuit
(Figure 1). If the antenna were not fully charged, electrons
would be accelerated when they move toward the branch
with positive voltage and form the sheath current. This
high-speed particle stream would bombard the antenna
surface and produce heat on the antenna surface as the
kinetic energy becomes thermal energy. According to the
bare but uncharged antenna surface model, the equivalent
resistance, referred to as sheath resistance in parallel with
the sheath capacitance, is of the same order as the sheath
reactance. In the experiment, the in-tune antenna current is
about 0.2 A and the source voltage is 100 Vat the secondary
of the transmitter output transformer (Figure 1). The total
equivalent circuit resistance, including the tuner resistance,
leakage current effects, and radiation resistance, is 500 W.
The inductor resistance is known to be 250 W. If the
radiation resistance is of the order of 200 W based on the
formula of Balmain [1964], the radiated power was I2Rr =
8 W. When the antenna and the satellite are charged to
�3 kV, the corresponding DC current associated with the
ion motion attracted to the antenna and satellite is less than
2 mA (in parallel with the sheath capacitor and resistor, not
shown in Figure 1), negligibly small compared with the
transmission current. The approximation of neglecting the
ion motion is therefore valid.

5. Summary and Discussion

[37] We have developed a first-principles-based model of
the plasma sheath surrounding a bare antenna during
whistler mode wave transmission. In this model, the antenna
is negatively changed with a voltage similar to the ampli-
tude of the driving voltage. An ion sheath is formed on each
side of the antenna. The sheath is electron-free with little
conduction current flowing through it. During a wave cycle,
the radius of the sheath oscillates, translating to a current.
This current is the current that radiates the wave into
plasma. This picture is consistent with the displacement
current of a capacitor. In addition to the DC electric charge
to the bare antenna, the antenna charge also varies in time as
the current decreases from the center to the tips. Differing
from a conventional capacitor, for which the distance

between the two plates is fixed, there is only one physical
plate, which in our case is the antenna surface. On the other
side, one may imagine a leaky surface of the sheath-plasma
boundary which may play a similar role as a capacitor.
However, the location of this surface oscillates in response
to the charge variation on the antenna. Positive charges
occur in the sheath. The net charge on the antenna and in the
sheath is zero. On the plasma side, conduction current forms
and radiates the wave.
[38] Equations are solved time-dependently in one-di-

mension by neglecting the magnetic field. The mathematical
treatment includes the antenna DC charge and the radiation
resistance. At the sheath-plasma boundary the voltage and
the electric field cannot be zero at the same time or there
would be no radiation. The analysis shows that at the sheath
boundary, the electric field is zero. The electrons at the
boundary will continue to move. As they are moving, the
electric field is modified and so are the motions. Accord-
ingly, the boundary moves at a varying speed. This motion
of the boundary or the electron speed at the boundary gives
the current for radiation.
[39] A whistler wave transmission experiment with the

RPI instrument on IMAGE has shown that the model may
describe the most important physical processes occurring in
the system. It shows no evidence for any significant sheath
(conduction) current or sheath conductance because the
system appears to be highly reactive. The antenna is most
likely charged to a substantial negative potential. Quantita-
tively, the model may underestimate the sheath capacitance
by about 20%, leaving room for improvements.
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